STABILITY OF THE BALL FOR ATTRACTIVE - REPULSIVE
ENERGIES
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ABSTRACT. We consider a class of attractive-repulsive energies, given by the sum of two
nonlocal interactions with power-law kernels, defined over sets with fixed measure. It has
recently been proved by R. Frank and E. Lieb that the ball is the unique (up to translation)
global minimizer for sufficiently large mass. We focus on the issue of the stability of the ball,
in the sense of the positivity of the second variation of the energy with respect to smooth
perturbations of the boundary of the ball. We characterize the range of masses for which
the second variation is positive definite (large masses) or negative definite (small masses).
Moreover, we prove that the stability of the ball implies its local minimality among sets
sufficiently close in the Hausdorff distance, but not in L'-sense.

1. INTRODUCTION

In [BCT18] the following minimization problem among measurable sets E C R? with fixed
volume |E| = m is considered:

min{]-'(E) . ECRY, |E| = m} (1.1)

where the functional F is a prototypical attractive-repulsive energy with power-law kernels

1
F(E) :://adxdy+//|xy|ﬁdxdy, a € (0,d), 8> 0. (1.2)
eJe |z =yl EJE

Such nonlocal interaction energies arise in descriptions of systems of uniformly distributed
interacting particles, in particular in models of collective behavior of many-agent systems
related to swarming (see e.g. [BT11,FHK11, TBLO06]). For an introductory survey on this and
related problems, see [Fra2l].

As a simple scaling argument shows, the first term in (1.2) is a repulsive interaction and
is dominant in the small mass regime, whereas the second term is attractive and is dominant
in the large mass regime. It is convenient to introduce a notation for the kernels and for the
attractive and repulsive parts of the energy: for o > —d we set

K,(r) =17, Js(E) = / / |z — y|? dz dy. (1.3)
EJE
With this notation F(F) = J_o(E) + J3(E).
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Several results appeared recently in the mathematical literature about the minimization of
energies of the form (1.2) (also for more general kernels) and about the corresponding relaxed
problem among uniformly bounded densities

win 7o) = [ [ D vy [ el - ol dray
p(x) du = m}.

Existence of minimizers for (1.4) is proved in [CEFT15], whereas in [BCT18] it is shown that
a set E is a minimizer for (1.1) if and only if its characteristic function p = yp solves the
relaxed problem (1.4). While the minimization problem (1.4) has also been studied over
probability measures, in [CDM16] it is shown that for d — 2 < a < d and > 0 the optimal
measures are actually L>-functions. Recently, in [CP22], this result is extended to a wide
class of interaction kernels, where the authors also provide an a priori bound on the L°°-
norm of minimizers. The problem (1.4) is in particular relevant to models of crowd motion
as investigated in [MRCS10, MRCSV11] where the density p describing the distribution of
individuals is uniformly bounded. A question of interest is when the optimal densities are
uniformly distributed on their support and when the constraint is saturated. In this case the
problem (1.4) reduces to (1.1) where p is described by the characteristic function of a set.

It is known that, for certain ranges of the parameters «, 3, balls are global minimizers
of (1.2) for large mass: more precisely, by using quantitative rearrangement inequalities
Frank and Lieb in [FL21] proved that for all 8 > 0 and 0 < o < d — 1 there is a threshold
mpan € (0,00) such that the ball with mass m is the only (up to translation) minimizer of
F for m > mpa1. This result had already been obtained in the special case of quadratic
attraction (S = 2) by Burchard, Choksi and the third author in [BCT18], by exploiting the
convexity of the energy among densities p with zero center of mass; a similar argument was
afterwards used by Lopes in [Lop19] to prove that, for 2 < 5 < 4 (and any o < d) minimizers
of (1.4) are unique up to translation and radially symmetric. It is worth to remark that, as
observed in [FL21], for a € [d — 1,d) characteristic functions of balls are never critical points
for the relaxed energy and therefore they are never minimizers (see also Remark 4.3).

Concerning the small mass regime, in [BCT18] it is shown that for 8 = 2 and a € [d —2,d)
the minimization problem (1.1) does not have a solution for all masses m sufficiently small:
indeed, in this case the minimizer of (1.4), which is unique by convexity of the energy, satisfies
p(x) < 1 almost everywhere. In [FL18] the same is proved for d = 3, @ = 1, and any 5 > 0.

Finally, in the Coulomb case (o = d—2) with quadratic attraction (5 = 2) the minimization
problem (1.1) is completely solved in [BCT18]: the unique solution is the ball if m > mpa,
while there is no solution if m < my,y, and my, = (d;2)wd, where wy = |Bj| denotes the

volume of the ball in R? with radius 1. The explicit value of my,,y is also computed in [Lop19)
for the cases d =3, a =1, and 8 = 3, 4.

(1.4)

pe LY NI=EY 0<p< L, [
Rd

In this paper we address the issues of the stability and local optimality of the ball. In our
main result we characterize the range of masses for which the ball is a volume-constrained
stable set for F and for —F (in the sense of nonnegativity of the second variation of the
energy with respect to smooth perturbations of the boundary of the ball, see Section 2.1
for the precise definition). Moreover, we prove that the strict stability of the ball yields
its (quantitative) local minimality /maximality among sets with the same volume and whose
boundary is contained in a small uniform neighbourhood of the boundary of the ball. The
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mass thresholds which separate the volume-constrained stability /instability regions for the
ball are determined explicitly in terms of the parameters o € (0,d — 1), 8 > 0, and are given
by the following constants:

my = mx(d, a, B) = < EZ+ ))((Zjiifﬁ; {7_/362(511)» h ) e (1.5)
(S mar 1w Fm) |
where b~ Buldicy o O +d2—+1a—(i -1 16
and )
e

The values of J_,(B1) and J3(B1) which appear in the previous formulas can be expressed
in terms of the I" function (see Remark 2.10), so that m, and m.. can be computed explicitly.
For every m > 0 we also denote by r(m) > 0 the radius of a ball with volume m, |B,.,,)| = m
We have the following theorem, which is the main result of the paper.

Theorem 1.1. Let a € (0,d — 1), B > 0, and let my, My be defined by (1.5) and (1.7)
respectively. Then:

(i) the ball B,y with mass m is a volume-constrained stable set for the functional F if
and only if m > m.,
(ii) the ball By, with mass m is a volume-constrained stable set for the functional —F
if and only if m < M.
Moreover, for every m € (0, M) U (my, 00) there exist C > 0 and € > 0 (depending only on
d, o, B, and m) with the following property: for every measurable set E C R? with |E| = |m)|
and such that

Bmy1-2)(20) C E C Bym)+2) (7o) (1.8)
for some xy € RY, one has
F(E) = F(Bym)) =2 C(A(E))?  ifm>m,, (1.9)
F(E) = F(Bogmy) < —C(A(E))?*  if m < mu, (1.10)
where A(+) denotes the asymmetry
A(E) = yigéd |EAB, (g (Y)]- (1.11)

The thresholds my and ms, are determined by means of a spherical harmonics expansion
of the quadratic form associated to the second variation of the energy (for stability analyses
using similar techniques see [BC14, FFM 15, FL19, FP20, Asc22]). The second part of the
statement, namely the local optimality of the ball, is proved in two steps. In the first one
(see Section 3) we show by a standard Fuglede-type argument that the stability inequalities
(1.9)—(1.10) are valid whenever E is a nearly-spherical set, that is, the boundary of F is a
normal graph over the boundary of the ball and is uniformly close to it. The second step
amounts to improve the local optimality to the larger class of competitors whose boundary is
contained in a small tubular neighbourhood of the boundary of the ball, in the sense of (1.8):
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in this case we exploit a transport argument devised by Fusco and Pratelli in [FP20] which
allows to replace any such set by a nearly-spherical set and hence to exploit the previous step
of the proof. This strategy is similar in spirit to the argument that Christ used in [Chrl7]
(see also [FL19,FL21]).

It would be natural to see whether or not the previous result can be further extended to an
L'-neighbourhood of the ball, namely whether (1.9) holds for every set E such that A(E) is
small enough. This is indeed usually the case in similar problems where the attractive part of
the energy is given by the perimeter. However, in our case the lack of the regularizing effect
of the perimeter prevents such a possibility. In Section 5 we discuss a necessary condition
for the ball to be an L'-local minimizer; in particular, we show that there are values of the
parameters such that this condition is not satisfied for some m > m., so that the result cannot
actually be improved.

Notice that the same question for (1.10) has obviously a negative answer, since the energy
can be made arbitrarily large in any L'-neighbourhood of the ball. Indeed, for every r > 0 the

family of sets E,(:) = (B1\B;) U B,(key1), k € N, obtained by removing a little ball from B;

and sending it to infinity, are such that ]:(E,(:)) — 00 as k — 0o, whereas |E,(:)ABl| < 2|By|
can be made arbitrarily small.

Remark 1.2. In the case « = d—2, 8 = 2, the stability threshold m, coincides with the global
minimality threshold my.y = (d;2)wd computed in [BCT18]. This fact is not surprising, since
for quadratic attraction the functional is strictly convex among densities with zero center of
mass. In the other cases in which the global minimality threshold is known explicitly (d = 3,
a =1 and § = 3,4, see [Lopl9]) one has instead the strict inequality m, < mpay: there is
therefore an intermediate regime in which the ball is a local minimizer among perturbations
as those considered in Theorem 1.1, but ceases to be a global minimizer. In these cases, for
my, < m < Mmpa the potential of the ball does not satisfy the necessary condition for the

L'-local minimality discussed in Section 5.

In the rest of the paper, it will be convenient to normalize the volume constraint and to
work with sets having the fixed mass |E| = |B;|. By scaling (see the proof of Theorem 1.1
at the end of Section 4) this amounts to introduce a parameter in the functional F: we will
consider for v > 0 the energy

1
Fy(E) :://adxdy—i-’y//\x—y\ﬁdxdy (1.12)
eJe T —yl EJE

so that in particular F = Fj.

Structure of the paper. In Section 2 we compute the second variation of the energy and
we determine its sign by means of a spherical harmonics expansion. We then show the local
minimality /maximality of the ball among nearly-spherical sets in Section 3, and among more
general perturbations which are close in the Hausdorff distance in Section 4, where the proof
of Theorem 1.1 is completed. In Section 5 we discuss a necessary condition for the L'-local
minimality of the ball in terms of its potential.

2. STABILITY OF THE BALL

In this section we discuss the volume-constrained stability of the unit ball for the family of
functionals F,, v > 0, see (1.12). In the main result of this section, Theorem 2.7, we obtain
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two explicit thresholds 0 < 7. < 7% < 0o separating the stability/instability regions for F,
and —F,.

2.1. First and second variations. We start by recalling the notions of volume-constrained
stationary set and stable set for the energy F,. Given a vector field X € C>(R%RY), the
flow {®;}; induced by X is the map @ : (t,z) € R x R? =+ ®;(x) implicitly defined by the
system of ODE’s

{@@(t, x) = X (®(t,2)), (2.1)

O(0,2) ==z

which is a smooth family of diffeomorphisms for [¢| < e, for some £ > 0. Given a set £ C RY
with finite volume, we say that X induces a volume-preserving flow on E if |®4(E)| = |E| for
every t € (—¢,¢).

Given a set E with finite volume and a vector field X € C®(R% R?), we define the first
and second variations of F, at E, along the flow {®;}; induced by X, as

d 9 o d?
SE@®E)] . PRE)N =1
We then say that the set E is a volume-constrained stationary set for F, if 6F,(F)[X] = 0 for
every vector field X which induces a volume-preserving flow on E, and that E is a volume-
constrained stable set for F, if it is stationary and in addition §°F,(E)[X] > 0 for every
vector field X which induces a volume-preserving flow on FE.

Analogous definitions can be of course given for the nonlocal interaction 7, alone, see
(1.3). The following theorem provides explicit formulas for the first and second variation of
Js, for 0 € (—d,o0). The result is proved, for instance, in [FFM™ 15, Theorem 6.1] in the
case 0 € (—d,0), but it is straightforward to check that the proof extends to o > 0.

0Fy(E)[X] = FA(@(E))| . (2.2)

Theorem 2.1 (First and second variation of J,). Let 0 € (—d, 00), let E C R? be an open
and bounded set with C? boundary, and let X € C°(R%RY). Then, denoting by ( = X - vg
the normal component of the vector field X on OF, one has

A /8 Hoon(s C(x)dHe, (2.3)
T /8E / Ko (lz = yl)I¢(x) — ((y)* dMg™ dry " + /aE ¢z opCt dHT!
+ /8E H; sk ((div X)¢ — diVT(CXT)) Ayt 2.4)

where div; is the tangential divergence on OFE, X, = X — (vg, and for x € OF we define
Hoop(x —2/ Eo(lz —yl)dy, ¢ op(e / Ko (|lz = y)lve(z) —vey)? dHy . (2.5)

Remark 2.2. Notice that, if E' is a volume-constrained stationary set for 7, and X induces a
volume-preserving flow on E, then the last integral in the formula (2.4) of the second variation
vanishes (see [FFM™ 15, Remark 6.2]).

Obviously the unit ball By is a volume-constrained stationary set for F,, since H, pp, is con-
stant on 0B for all o, and if X induces a volume-preserving flow on By then [, B, ¢ dHI-1 = 0.
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With the purpose of studying the stability of Bj, and in view of (2.4), we introduce the qua-
dratic form

B 2
Q]':,(U) — _/ / |’LL(I‘) U(y)’ ngfl deC/lfl + CQ_a 831/ U2 de*l
oB, Jo, |z —yl® ’ 0B,
- v/ / =yl lu(@) — u(y)]> dH " dHy ' + 7ed o, / u? dH,
0B, JOBy 0By

so that if X € OC®(R%R%) induces a volume-preserving flow, then by Theorem 2.1 and
Remark 2.2 the second variation of F, at By with respect to X is

(2.6)

62F,(BY)[X] = QF (X - vp,). (2.7)
Remark 2.3. The following expression for the constant Cg’ ap, Will be useful later on:
d 2d
¢ op, (€) = (d+ U;c(u +9) Jo(By), forallz € dB,. (2.8)
d

To prove (2.8), we observe that by using the divergence theorem we have for z € 0B;

1
2 2 d—1 d—1
T) = —— Ky;(|lz —y|)|x —y|"dH, ~dH
CO',('?Bl( ) I d/d Jam, (| y|)| y| T Y

/ Ko (|lz —y))(z —y) - xdHE 1d7-ld !
dwd 0B, JoB,

leI T — T — do dHd!
dwd ol R S IEE PR
d)
8By J B

a+d d o+d d [ 4
duwy drj"( By) =1 dwg dr< I 1))

2.2. Decomposition in spherical harmonics. The quadratic form QF,(u) can be conve-
niently expressed in terms of the Fourier decomposition of u with respect to the orthonormal
basis of spherical harmonics. We denote by Sk the finite dimensional subspace of spherical
harmonics of degree k € NU {0}, and by {Y’} 1) an orthonormal basis (of dimension d(k))
for Sy, in L2(0By) (see for instance [Gro96]). For u € L2(0By), we let

_ (d+0)(2d+0)
r=1 - dwd

Js(By).

ai(u) = / WY dHE! (2.9)
0B
be the Fourier coefficient of u corresponding to Yi. We have
oo d(k)
lullZ20my = D> D (ai(w)”. (2.10)
k=0 i=1

We can also express the seminorm [, [55 Ko(|z —yl)|u(z) — u(y)|? dHI? d?—[g_l in terms
of the Fourier coefficients of u, as shown in the following proposition.

Proposition 2.4. For 0 > —(d — 1) we have

o d
- al = at(u 2 .
/331 9B, Ko(|z = yl)|u(z) —uly)]? dHg ' dHy ™ = E E px(0) (aj,(w))”, (2.11)

k=0 i=1
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where the sequence (pi (o)), for o € (—(d —1),00), is defined as

);
P (g o i

2 _
ey | e

pi(0) = (d — w1277 (2.12)

fork =1, and po(o) = 0.
Proof. The formula is derived in [FFM*15, (7.5) and (7.12)] in the case o € (—(d — 1),0),
and in [Asc22, Lemma 4.3, Corollary 3.6, and Lemma 3.7] in the case o > 0. O

Remark 2.5. Also in the case o € (—d, —(d—1)] a representation formula as in Proposition 2.4
holds true, but in this case the expression of the coefficients (o) is different: see [FFM ™15,
equations (7.4), (7.6)].

We collect in the following lemma some useful properties of the sequence (ug (o)), defined
by (2.12).
Lemma 2.6 (Properties of (ux(o))k). Let o > —(d —1). Then:
(i) If 0 <0, then ugt1(o) > ux(o) for all k, and in particular
o (o)

pr(o) — (o) = pe(o) — pi(o) = — 2+ o >0 for all k > 2. (2.13)

(ii) If o > 0, then I}El;i{(/l,k(a) = (o) and

pi(o) —pr(o) =2 Cyp >0 for all k > 2, (2.14)
for some constant Cy, depending only on d and o.
Furthermore, the sequence (ux(o))x is bounded, with

d=140c d—1
lim Mk(U) — (d . 1)wd_12d71+a F( )FU( 2 )

2
k—o00 T (2d722+ ) (215)

Finally, one has
(o) = o, (2.16)
where 03831 is the constant in (2.8).

Proof. The behaviour of the sequence (ug) is studied in detail in [Asc22] for o > 0 and
in [FFM*15] for ¢ < 0. We only show for completeness the properties that are not explicitly
proved in those papers.

From the definition (2.12) of ug(o) and a straightforward calculation one has

_ _ k—1/ -
D) T (%) (@ 1+0) [T - §)
2d—2 k(.
I (245+9) [[iooG+d—1+%)
from which it follows immediately that if o € (—(d — 1),0) the sequence ux (o) is monotone
increasing; equation (2.13) is an immediate consequence. In the case o > 0, (2.14) is proved

in [Asc22, Proposition 3.8]. The limit value in (2.15) can be easily computed from (2.12) by
observing that

bl

fir11(0) — pr(o) = (d — Dwg_ 247117

k—1 .
J— 3
—_— k . 217
,||j+d—1+%_>0 as k — oo (2.17)

Finally, formula (2.16) is proved in [Asc22, Lemma 4.4] in the case ¢ > 0 and in [FFM*15,
Proposition 7.5] in the case o < 0. O
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2.3. The stability thresholds. In view of (2.10), (2.11), and (2.16), we have that the
quadratic form (2.6) can be expressed in terms of the Fourier coefficients of u € L?(0B;) as

=33 [(m(0) — (=) +4(m(®) — m(B)] (@h()*.  (218)

k=0 i=1
In the following theorem, which is the main result of this section, we address the issue of the
stability of the unit ball B; for the family of functionals 7, and —F,.

Theorem 2.7 (Stability of By). Let a € (0,d — 1) and > 0, and let

_ 0 B) e sup M) = (=a)

e =l f) = k;% m(B) — me(B) (2.19)
¢ (=) — (=)

Vir = Yar(d, v, B) = k>2 0 (B) = e B) (2.20)

Then 0 < Yy < v < 00 and the following holds:

(i) the unit ball is a volume-constrained stable set for F. if and only if v > ~,;
(ii) the unit ball is a volume-constrained stable set for —F, if and only if v < Yax.

Moreover, one has the explicit values

a(d—a)2d+2+6) J-o(B1)

| Baraeita—a) 7B 1oz o)
T eld—ed—ad-148) TaB) o |
Bld+p)(2d+B)(d—1~a) Ts(B1) h
and
ald—a) J-alB1) (2.22)

T Bd+ B Tp(Br)
where By is defined in (1.6).

Proof. By (2.7), we have that B is a volume-constrained stable set for F, if and only if

QF,(u) >0 for every u € C*°(0B;) with / udH4t =0, (2.23)
0B;
and similarly B is a volume-constrained stable set for —F, if and only if
QF,(u) <0 for every u € C°°(0By) with / udH =0. (2.24)
0B,

Indeed, the condition (2.23) implies that 62F,(B1)[X] = 0 for every vector field X inducing
a volume-preserving flow, since for every such vector field it must be |, 0B, X " VB dH*1 = 0.
The converse implication can be proved by arguing as in [FFM 15, Proof of Theorem 7.1].

Hence the goal is to show that (2.23) is equivalent to v > 7, and that (2.24) is equivalent to
7 < Y4x. This is based on the expression (2.18) of QF, (u) in terms of the Fourier coefficients
of u. Indeed, notice first that if faBl udH?t =0, then a}(u) = 0 and therefore the sum in
(2.18) starts from k = 2 (as the term in brackets vanishes identically for k = 1):

oo d(k)
= Z Z [(Ml(_a) — pe(—a)) +~v(p1(B) — uk(ﬁ))} (ai(u)f (2.25)

k=2 i=1
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for every u € L%(0B;) with faBl udH4! = 0. In view of (2.25), we have that the condition
(2.23) (which is equivalent to the stability of By for F,) is satisfied if and only if v > 7,
whereas the condition (2.24) (which is equivalent to the stability of B; for —F,) is satisfied
if and only if v < 7.x, where 7, and 7., are defined in (2.19) and (2.20) respectively.

Notice that, in view of the properties listed in Lemma 2.6, we have 7., Vs € (0, +00). To
complete the proof, it only remains to prove the explicit expression of the thresholds in (2.21)
and (2.22). We postpone the technical proof of this fact to Appendix A, see in particular
Corollary A.2. O

Remark 2.8. In Lemma A.1 we show that the supremum in (2.21) is attained for k = 3 if
B > PB4, and in the limit as kK — oo if 5 < B4. This suggests that the loss of stability of the
ball is related to a perturbation by the third mode of spherical harmonics in the first case
whereas it is related to fine mixing in the latter case. It would be interesting to perform a
bifurcation analysis to further investigate the symmetry breaking at the stability threshold.

Remark 2.9. In the case 7 > 7, by using (2.19) and (2.25) we have for every u € L?(0B1)
with [5p udH?™! =0 that

oo d(k)
g i 2
QF, (u) > (7— — 1) > (—a) = pu(=a)] (aj(w)”.
* k=2 i=1
Since pp(—a) — pi(—a) = Cqq > 0 for all k > 2 by (2.13), we conclude that
v .
QF,(w) > (- = 1) Caallullzon,) if 7 > (2.26)

By a similar argument we can show that

QF,(u) < _(1 — 77 )cd,a”uuig(aBl) if < Yus (2.27)

*k

Remark 2.10. We can express the value of J,(Bj1) in terms of the I' function, and thus get
an explicit value of the thresholds . and ~... Indeed, by (2.8), (2.16), and (2.12) we find

TH(B) = (@)
BV N R PO (T T B

(d+0)(2d+0)(2d—2+0) I (2d=2t2)

Remark 2.11. In the case o € [d — 1,d) one has ug(—a) — 400 as k — oo (see Remark 2.5)
and therefore v, = 400: the unit ball is never stable for the functional F, and, given any
v > 0, one can always find u € L?(0By) such that OF,(u) < 0. It is worth to recall that in
this case Bj is not even a critical point for the relaxed problem (1.4), see [FL21].

3. A FUGLEDE-TYPE RESULT FOR NEARLY-SPHERICAL SETS

In this section we prove the local optimality, in a quantitative form, of the unit ball for the
functional F, (local minimality in the case v > 7, and local maximality in the case v < 7y.4)
among nearly spherical sets, i.e. sets E C R? with |E| = |By|, barycenter at the origin, and
whose boundary can be represented in the form

OF = {(14+u(z))z : = € 0B1} (3.1)
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for some u € L>°(0B1) with ||ul|z~(9p,) < €0, for some g9 > 0 sufficiently small. The main
result of this section is the following.

Theorem 3.1. Let o € (0,d — 1), B > 0, v > 0. There exist positive constants Cy =
Co(d,a, 8), C{ = Cl(d, o, B), and g9 = eo(d, e, 8,7) with the following property. For ev-
ery nearly-spherical set E C R? as in (3.1) with |E| = |By|, barycenter at the origin, and
||u||Loo(331) < €0, it holds

Fo(B) = Fy(B) > o= 1)l > Ch( -~ 1) |EABP 7> (32)
Y

i
Fo(B) = Fy(Br) < ~Co(1 = =) lulifagom,) < ~Co (1~

)]EABl\Z iy < Ve (3.3)

koK

Proof. The proof follows the lines of [FFM™15, Lemma 5.3]. Replacing u by tu, we can
consider a generic open set F; C R? with |E;| = | By|, barycenter at the origin, and

OB, = {(1 + tu(z))z : = € OBy}, (3.4)
where [|u| 1o p,) < 5 and t € (0,2e), with g9 € (0, §) to be chosen later.

By the same computations as in the proof of [FFM ™15, Lemma 5.3] we have that, for every
S (_d7 00)7

ToB) = To(B1) = T2 (1)~ 1 0)) = e 0), (3.5)
where
ho(t) = / (1+ tu(x)) >+ and-1, (3.6)
0B

u(z) u(z)
soy= [t [t [ [ gl ade @)
9By 0B u(y) u(y)

and
folr,p,0) = "7 p UK (1 = oI + 706%)2). (3.8)
We now consider separately the two terms on the right-hand side of (3.5).

Estimate on h,. Observe that the condition |Ey| = |Bj| yields hs(0) = dwg = d|Ey| =
Jop, (1 + tu)? dH" 1. Therefore,

ho (t) — ho (0) = /BB (14 tu(@)) (1 + tu() ™ — 1] dni!

1
= (d+a)t/ wdH + —(d+0)8d+ 0 — 1)t2/ u? dHI! +Od’0—(t3||’u3”[/1(831))7
o8 2 0B,
where |Og,(s)| < Cs for every s € [—3, 3], for a constant C' depending only on d and o.
Next, using again the condition |E;| = |B1|, we have

_ wlaN? — d-1
0—/831[(1+t () — 1] dHS

1 ,
— dt/ udH* 4 ~d(d — 1)t2/ w? AR+ 048 v 11 om,))-
681 2 8B1
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By combining this identity with the previous one we eventually obtain
2

ho(t) — ho(0) = - (d + 0)(2d + 0) /

.y W AHT + Ogo ()16 11 08y)) - (3.9)
1

FEstimate on g,. In order to estimate |g/ (s)|, we compute for r,p € [—%, %], 0 € (0,2], and
s € (0,2¢ep)

‘dsfg(l + sr,1+ sp, 0)‘ =(1+ sr)d_l(l + sp)d_lx

X

(- 1)<(1 fsr> T fsp)>Kff((82l7“ = P+ (1 sr)(1+ 5)6%) )

o Ko ((s*r — p|> + (14 sr)(1 + sp)6?)?)
2 s2|r —p|? + (1 + sr)(1 + sp)6? [23(r—p)2+ (r(1+sp)+p(1+sr))02}

(ST

< Cu K. ((s2]r — pl? 2)3 2s(r — p)°
< Cagka((s7lr = pl" 4 (L )L+ 5p)07)) M o (L s sp)f? (3.10)

for a uniform constant Cy;, depending only on d and o, which in the following might change
from line to line.

Consider first the case o € (—(d — 1),0)
from (3.10) we have

. In this case K, is monotone decreasing, hence

d 25(r — p)?
- Jo ]- 7]- )9 < O'KO' 9 1
‘ dsf (L+sr1+sp )’ Cao Kol )[ + s2lr — p|? + (1 4 sr)(1 + sp)6?

Let Cs == {(z,y) € 0B1 x0B1 : |r —y| = /s} and Ds := {(x,y) € 0B; x 0By : |[x —y| < \/s}.

Then

195(5)] < Cao /a ) /8 | Koll = yluta) = u(y) P ap areg
1 1

u@valy)  pula)va() -
+Cao / / dH A / dr / 25(r 7
s u( u

z)Au(y) (z)Au(y) SQ‘T - P’2

u@valy)  pula)valy) -
+Cd0// dHE aHd 1/ dr/ 2s(r
: (

(@) Au(y) w@ruy) SAT—pl? + (1
< Cup / Ky (|2 — y])u(z) — u(y)[2 dHE dpd-!
0B, JOB1

Cio _ _
4 Yo / /D K (|2 — yD)uz) — uly)? dHe dpd=!

< Cuy / Ko (|2 — y])u(z) — u(y)[? dH dpd-!
0By JOB1

n Cd,g/ </ K, (|z — y\)dHZ—1> ()2
S 9B1 \J{y€dB : |ly—z|</s}

_ _ d—140
~Cuo [ [ Koo = gblute) ~ ) 4HE M 4 Cags g (3:10)
1 1

p)* Ko (| —yl) )
+s7)(1+ sp)|z — y|?
p)?

+s

Ko (| — y)
(1 +sp)r—y2 "

where in the last step we used the fact that o > —(d — 1).
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1
Next, we consider the case o > 0. In this case K, ((s*[r — p|? + (1 + sr)(1 + sp)6?)2)

is uniformly bounded in the range of parameters that we consider. Then, arguing as in the
previous case, from (3.10) we deduce that

u(z)Vu(y u(z)Vu(y) 25(r — 2
|95(5) Cdcr// / / [1+ 3 3 (r=p) 5| dp
\UD, (@) Au(y) s2lr —p|? + (1 +sr)(1 + sp)|lz — y
Cda’/ / )’2 Hd 1 de 1
0B, JOBy
u(z)Vu(y) u(z)Vu(y) ANp — 200 \2
+Cly // dHi! ng—l/ dr/ [z = yI"r —p) S dp
u(@)Au(y) w@nu(y) (14 sm)(1+sp)|z —y|

w@Valy)  pu@Vay) og(, _ )2
+Cda// H“dH“/ dr/ 2tr =)y,

Slr = pP

(z)Au(y) (z)Au(y)
Cdo’/ / —U )IQde lde 1 CdU // ”U —’LL( )‘Qde 1de 1
OB;1 JOB, <

Cdo’ — —

< CapllulZaom) + =2 / </ an 1>|u(m)|2ng .
§ JoB1 \J{y€dBi : |[y—=z|<+/s}
d—1_

< Cd,a(l +s 2 1>Hu|]%2(331). (3.12)

Therefore, from (3.11) and (3.12) we conclude that for every o > —(d — 1) and for every
tc (0, 260)

0o(t) = g0 o>+/ga<>d

(3.13)
- / Ko (jz — ylue) — u(y)? dHE T a4 Ry (1),
0B
with
Re(®] < Caot | [ Kalla = yl)luta) — ulu) dHd* ag
8B JOBy (3.14)
T Cagtlull2aom,) + Cao(®)ul220m,),
and

50) t5 ifo <0,
w = _
T ifo>o.

Conclusion of the proof. By inserting (3.9) and (3.13) into (3.5) we obtain

(d+0)(2d+ o)
dwy

t2
T E) - 7B = 5 | GoBr) [ utant
0B1

- / Ko (| = y)u(z) —u(y)? dHg ! d”Hﬁ‘l] + 040 (81U’ L1 (98,)) + P Ro (1),
0By JOB1
(3.15)

where R, (t) obeys the estimate (3.14).
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Recalling (2.6) and (2.8), in the term in brackets we recognize the quadratic form associated
to the second variation of the functional J,. Hence by combining the formula (3.15) in the

two cases 0 = —a and o = 3 we obtain for the full energy F,
12
Fy(Ey) — Fy(By) = §Qf7(u) + R(t), (3.16)
with

- 2
RO < Canatt( [ [ I g
o, Jop,  |T—yl*
v |x—y|ﬁu<x>—u<y>|2d%§—1dﬂz—1+(1+v>|u||%2(331>) (3.17)
0By J OB,

for a uniform constant Cy . s depending only on d, «, 3, which in the following might change
from line to line, and some modulus of continuity w(t) — 0 as ¢t — 0, also uniform in ¢ and w.

To conclude the proof, we rely once again on the spherical harmonic representation of the
previous quantities. Denoting by a};(u) the Fourier coefficients of u as in (2.9), we preliminary
observe that exploiting the condition |E;| = |B;| we have

< Catllull7zop,)» (3.18)

a = dH1] <
lab ()] = '%/331

and similarly since the barycenter of Ey is at the origin we have [, (1+ tu)Hlz dHI~! =0,
which yields

wr; dH < Cytl|ulfepp,)  fori=1,....d. (3.19)

[

We first consider the case v > ~,. Using (2.10), (2.11) and (2.18), and inserting them into
(3.16)—(3.17), we obtain

Fo(Er) = F(B1)

2 o d(k)
> 233 (=) = (=) + 3 (a(3) — 1 (9)] (ab ()
k=0 i=1
o d(k) |
~ Caast?w(®) 3D (=) +yim(8) + (14 7)] (ah(w)?
k=0 1=1
t2 < W) W2
> 5 (1+ Caapw(t) [(m(—a) — (=) + (1 (B) — uk(ﬂ))] (ay,(u))
k=0 i=1

— Caapt?w(t) [Ml(_a) +yu1(8) + (1 + V)} ||U||2L2(aBl)'

Recalling that pg(—«) = po(5) = 0 and in view of the expression (2.19) of 7., we then obtain

) 0o d(k)
Fy (1) = F(B) > 5 (14 Caapw®) (= 1) 303 [1x(=0) = (=) (a} ()
k=2 i=1

— Capt®(t) 1 (—a) + 7 (8) + 1+ v} lull22 05,
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By Lemma 2.6, pip,(—a) — pi(—a) = Cgapi(—c) for all k > 2 with Cy o > 0, hence

Fy(Er) — F5(B1)
t2 0
2 5 (1 + Cd,aﬂw(t)) <£ — 1) Cd a,ul

NM8

— Caapt’w(t) [m(—a) +yp(B) + 1+ ’Y] lulZ20m,)

2

t
= 5 (14 G wl0) (2 = 1) Caati (-0) (Nl ~ I Zm )

*

— Cyapt?w(t) [Ml(—a) +ym(B) +1+ 7] ullZ208,):

Thanks to (3.18) and (3.19), and recalling that w(t) — 0 as t — 0, it is now easy to conclude
that (3.2) holds in the case v > 7, provided that we choose €y small enough.

The argument in the case v < 74 is very similar and we will only sketch here the main
differences with the previous one. Starting once again from (3.16)—(3.17) and using the
spherical harmonics representation we have

0o d(k)
Fy(Fy) — Cy D= (m (=) = (=) 3 (11(8) = 11(8) | (o ()
k=0 i=1
s d(k)
+ Caapt®(t) 30D [m(—a) +1m(8) + (1+7)] (ah(w)*.
k=0 i=1
By similar computations as before and using the representation (2.20) of 74 we then find
t2 D2
Fo(B) = Fy(Br) < 5 (1 = Capo()) (1 - 1) ZZ (=) = p(—0)] (af(w)
Tex k=2 1i=1

+ Castw(t) i (—a) + 7 (8) + 1+ v} lullZ2 o),

and eventually, using pr(—a) — pi(—a) = Cyapi(—a), (3.18), and (3.19), we conclude as
before that (3.3) holds. O

4. LOCAL OPTIMALITY OF THE BALL

Having showed the local optimality of the ball among nearly-spherical sets in Theorem 3.1,
the next step consists in proving that Bj is a local minimizer (resp. maximizer) of F,, for
7 > 7 (resp. 7 < 7u), among all measurable sets £ C R? with |E| = |B;| and whose
boundary is uniformly close to the boundary of the ball, in the sense that they satisfy the
inclusions

B¢, (70) C E C Biye (20) (4.1)
for some zg € R? and e; > 0 sufficiently small. More precisely, we will prove the following
result.

Theorem 4.1. Let « € (0,d —1), 8 > 0, v > 0. Then, there exist C; > 0 and €1 > 0
(depending only on d, o, 3, ) such that

Fy(E) = Fy(B1) = C1(A(B))*  if v >, (4.2)
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Fy(E) = Fy(B1) < —CLA(E))? i 7 < Y, (4.3)

for every measurable set E C RY with |E| = |B1| and satisfying (4.1) for some xg € R%, where
A(E) denotes the asymmetry defined in (1.11).

For the proof, we need to pass from the optimality of the ball among nearly-spherical
sets, proved in Theorem 3.1, to the larger class of sets uniformly close to the ball. The
proof follows the construction in [FP20, Proposition 2.10], where the same strategy is used
to prove the quantitative maximality of the ball for the Riesz energy E — | B f B ﬁ (see

also [Asc22, Proposition 5.12], where the same is done for the attractive term [, [, [z —y[?).
The proof is based on a transport argument and on estimates on the variation of the energy
which are strongly dependent on the monotonicity of the potential of the ball (defined in
(4.4) below). The combination of the two energies destroys the global monotonicity of the
potential; however, what is actually needed is just the strict monotonicity in a neighbourhood
of 0B1, which is still true in the case v € (0, Vix) U (74, 0), as Lemma 4.2 below shows. In
view of this property, the proof of Theorem 4.1 is almost identical to that in [FP20, Asc22].

Lemma 4.2. Let o € (0,d — 1), 8 > 0, v > 0, and define the potential of the unit ball as
the function

d
() ¢=/ — +7/ |z —y|” dy. (4.4)
B1 |.’,U - y| B1
Then 1 is a radial function of class C' and, writing with abuse of notation (x) = ¥(|z|),
YP'(1) >0 if v > v, (4.5)
Y1) <0 if Y < Y (4.6)

Proof. The Cl-regularity of the first term in (4.4) is standard and is proved, for instance,
in [BC14, Proposition 2.1] (notice that here the assumption a < d — 1 is essential); the
regularity of the second term is straightforward.

We now express the quadratic form QF, associated to the second variation of the functional,
see (2.6), in terms of the derivative of ¢. Recalling (2.5) we have for all u € L?(0B)

1 _ _
orw=-[ [ (_ a+fyrx—y|ﬂ)ru<:c>—u<y>2d%z1de1
OB;1 J OBy |~’U yl

1 _ _
(] ( e - y\ﬁ)m A (u(a))? dr
0B OB1 |$ - y\
1
:2/ / <+7x—y6>uxuy d’i’-lf,cl_ld’i'-ld_1
0By JOB; |x_y|a | ‘ ( ) ( ) Y

- 2/ / (1(1 + |z — y[ﬁ>x . yd?—[g_l (u(:c))2 d?—[g_l.
0B, 0B ‘:L' - y’

Observing now that for x € 0B7, by the divergence theorem

1 i 1 5
+vlw—ylﬁ>x-yd’H =/ v <+7|:v—y| )wdy
/E)Bl<|$—y|“ Y B \lz—yl

1
z—/ Vx<a+7|w—ylﬁ> rxdy
By |z —yl
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= —Vu(a) x = (1),

we obtain
1
0B, J OBy ’1‘ - y’

By standard arguments, it is possible to construct a sequence (u,)neny C L°(9By) such
that [5p w, dHY =0, |lunllr298,) = 1, and

1
lim / / ( +’ym—y5>unxuny d’Hg_lde_l:O.
= JoB, JoB, ‘x_y’a ’ | ( ) ( ) Y

In view of this property, the conclusion of the lemma follows by (4.7) and by the quadratic
bounds (2.26)—(2.27). O

Remark 4.3. The unit ball Bj is a critical point for the relaxed problem (1.4) provided

¢(’l“1) < I/J(l) < 1/)(1“2) for r <1<mry. (4.8)

When a € (0,d — 1), for large v, the attractive part dominates and ’(1) > 0 as shown
above, suggesting that (4.8) holds. This is indeed proved in [FL21, Lemma 3.1]. In the case
a € [d—1,d), instead, the derivative of the potential of the repulsive term blows up near the
boundary of By. Due to this fact, no matter how large ~ is the potential ¢ has the opposite
monotonicity than required by (4.8), and therefore the ball is never a critical point of (1.4)
(see [FL21, Remark 3.2] for details).

Thanks to the local strict monotonicity of ¥ in a neighbourhood of 0B proved in Lemma 4.2,
the proof of Theorem 4.1 follows by repeating line by line the argument in [FP20]. We just
sketch here the general strategy discussing only the modifications needed in our setting.

Lemma 4.4. There exist ¢ > 0 and € > 0 (depending on d, « € (0,d —1), >0, ~v>0)
with the following property. For every ¢ € (0,£) and for every measurable set E C R? with
|E| = |B1| and B1_-(2) C E C B1.:(2), z € R%, there exist functions u* : 0By — [0,¢) such
that the set

E, = {z+tw cx€0B,te[0,1—u (z))U (1,1—|—u+(a:))}

satisfies |E1| = |B1| and

Fy(Er) S Fy(E)  if v > s (4.9)
Fy(Er) = Fy(E)  if 7 < awe (4.10)
Furthermore, either
A(BY) > %A(E), (4.11)
or
Fo(E)~ Fy(E2) 2 eAEY iy > (4.12)
Fo(B)) = Fy(B) 2 eAE)  if 7 < s (4.13)
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Proof (sketch). The construction of the set Ej is the same as in [FP20, Lemma 2.11], [Asc22,
Lemma 5.11], and it is straightforward to check that the same proof can be reproduced in our
setting with minor changes.

In particular, by using Lemma 4.2 we deduce that there exists £ > 0 such that inf{¢/(r) :
re(1—2148)}>0ify >, and sup{¢)/(r) : r € (1—-2,14&)} < 0if v < Y4s. This is
what is needed to obtain the estimate [F'P20, (2.30)] (in the case v < 7., whereas in the case
7 > 7, one has the opposite inequality).

Moreover, the bounds [FP20, (2.29)] are valid also in our setting, using [FP20, Lemma 2.4]
and [Asc22, Lemma 5.5]. O

Proof of Theorem J.1 (sketch). Fix € < &, where £ is given by Lemma 4.4 (later in the proof
we will posssibly reduce the value of €). Let F C R? with |E| = | By| satisfy

By_c2(z0) C E C Byye2(w0)

(without loss of generality we assume zo = 0).

Fix now any z € R? with |z| < §. We have that Bi_.(z) C E C By4.(z) with £ < £, and
we can therefore construct the set £ = Fj(z) using Lemma 4.4. We want to further modify
FE4 in order to obtain a nearly-spherical set, so that we can exploit the result in Theorem 3.1.
We also fix a small number n > 0, and we divide the construction into three steps.

Step 1: replace u* by locally constant functions. By approximation, we can find two new
functions @+ : B; — [0,€) as close as we want to u® in L>°(9By), such that dB; can be
decomposed as a disjoint union of finitely many measurable sets 0B; = |J,; U;, at = u;t is
constant on each U;, and diam(U;) < min{uj,u; } for each i such that min{u;,u; } > 0.

Moreover, by defining the set Ey = Fs(2) as
By — {z—l—tm 2 €dBy, tel0,1—a (x)U(L1 +a+(g;))},
we can guarantee that |FEy| = | By,

AE) 2 SAB),  Fy(B) —n < F(B) < Fy(By) 4+ (114)

Step 2: construction of the nearly-spherical set. We next define a function u : 9B; — (—¢,¢)
on each set U; as follows. If min{uj‘,ui_} =0, we set u = uj if u; =0, and u = —u,; if
uj = 0. If instead min{u;", u; } > 0, we write U; as the disjoint union of two sets L;, R; such
that HE 1 (L;)(1 — (1 — u; )4) = HEHR)((1 + u ) — 1) and we define u == yp,uf — xr,u;
onU; = L; UR;.

We then let E5 = FEs3(z) be the nearly-spherical set around Bj(z) corresponding to wu,
according to (3.1). Then by construction |Es| = |B;| and, arguing as in the proof of [FP20,

Proposition 2.10] (see also [Asc22, Proposition 5.12])

1 1 (4.14) 1
|EsABy(z)] > §’E2A31<Z)’ > §A(E2) > éA(El), (4.15)
and (by possibly reducing the value of ¢)
Fy(E3) — Fy(E2) <0 if v > s, (4.16)
Fy(E3) — Fy(E2) >0 if v < Yax. (4.17)

Step 3: adjustment of the barycenter. The sets F1(z), Ea(z), E3(2) constructed in the previous
steps depend continuously on z € B./;. In order to apply Theorem 3.1, we need a final



18 MARCO BONACINI, RICCARDO CRISTOFERI, AND IHSAN TOPALOGLU

modification of the set E3 so that its barycenter coincides with z. This can be done as
in [FP20, Lemma 2.13 and Lemma 2.14]: by the same argument, it is possible to find z with
|z| < § such that the barycenter of E3(z) is z itself.

Conclusion of the proof. Summing up what we have done so far, choosing ¢; = 2 and
starting from a set E satisfying (4.1) (without loss of generality xy = 0) we have consecutively
constructed three sets Ey, Eo, E3, with E3 nearly-spherical around a ball B;(z) and with
barycenter at the point z. In particular, Theorem 3.1 applies to F3 — z.

Let us conclude the proof by showing (4.2) in the case v > .. We distinguish two cases:
in the first case, the set E; (constructed by Lemma 4.4) satisfies (4.11). Then

(4.9) (4.14)
FA(E) = Fy(B1) 2 Fy(E1) = Fy(B1) = Fy(Ez) — Fy(B1) =1

(4.16) (3.2)
> F(Bs) = F(B) —n > Ch( 1) IBAB)P —n

(4.15) O / ) @1 ¢ty )
> Zo( L o> 0 (L —n.
- 36(7* 1>A(E1) (s 144(7* 1)A(E) "

Since n > 0 is arbitrary, we obtain (4.2). If instead the set E; does not satisfy (4.11), then
(4.12) holds. In this case

(4.12)

‘F’Y(E) - "T’Y(Bl) = "T’Y(El) - ‘F’Y(Bl) + EA(E)2
(4.14)
> Fy(E2) — Fy(B1) —n+ ¢A(E)?
(4.16)
> F,(F3) — Fy(B1) —n+ EA(E)?
(3.2)

> —n+EA(E)?,

and again we obtain (4.2) since n > 0 is arbitrary. This completes the proof of (4.2); the
proof of (4.3) is completely analogous, using the corresponding estimates valid in the case
Y < Yane O

Proof of Theorem 1.1. By scaling, if |E| = m then the set E := (%)UCIE satisfies | E| = | By
and

m\2-% _  ~ m 5
FE) = () TR(E ith = ()
(B) = () EE) itk = (2
In view of this identity the theorem follows by Theorem 2.7 and Theorem 4.1. U

5. A NECESSARY CONDITION FOR L'-LOCAL MINIMALITY

A natural question is whether the stability of the ball for v > ~, implies its local minimality
among small L-perturbations, that is whether F, (E) > F,(B) for all measurable set £ C R?
such that |E| = |B1| and A(FE) is sufficiently small.

An argument by Frank and Lieb [FL21] allows to pass from sets with small asymmetry to
sets which are uniformly close to the ball (in the sense of (1.8)), and this idea is crucial in
their proof of the global minimality of the ball for large . A similar argument is also used
by Fusco and Pratelli [FP20] for their proof of the quantitative Riesz inequality. However,
both arguments are based on the global monotonicity of the potential ¢ of the unit ball (see
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(4.4)), which is valid only in the asymptotic regime v > 1 and is not necessarily true for all
Y > Ve

Notice that, for v < 7., it is never possible to extend the local maximality of the ball to
an L'-neighbourhood, as observed in the Introduction.

The following proposition gives a necessary condition for the unit ball to be an L'-local
minimizer in terms of its potential ¢. In Remark 5.2 we show that there are values of the
parameters o and f such that this necessary condition is not satisfied for some v > ~,: hence,
in these cases the unit ball is a stable set, but is not a local minimizer with respect to the
L'-topology.

Proposition 5.1. Let 1) be the potential of the unit ball, defined in (4.4). Assume that there
exists r € (0,1) such that ¥(r) > (1), or that there exists R > 1 such that ¥(R) < ¢(1).
Then for every 6 > 0 there exists a set E C R such that |E| = |By|, |[EAB;| < 6, and
Fy(E) < Fy(B1). In particular, By is not an L'-local minimizer.

Proof. Assume that 1(r) > (1) for some r € (0,1). Then we can find n > 0 and 1,2 > 0
(with €1 +e2 < 1 —r) such that

min ¢(p) > max P(p) + 1. (5.1)

[p—r|<er [p—1]|<e2

Obviously, we only need to prove the statement for all § sufficiently small. Let § > 0 be
such that § < min{e;, %} and consider the two balls Dy = Bs(re1), D2 := Bs((1 + d)er).
Notice that D; C By and Dy N By = (), and that r — &1 < |z| < r + &1 for every x € Dy, and
1< |yl <1+ ey for every y € Ds.

We claim that the set F := (B;\D1)U Dy satisfies the conditions in the statement. Indeed,
clearly |E| = |Bi| and |[EAB;| = 2|B;|. Moreover, denoting by

1
ra= [ [ ( t e - y\ﬁ) drdy,  I(F)=T(F,F),
rJa\lz -yl
we have that
Fy(E) = Fy(B1) = Z(B1\D1) + Z(D2) + 2Z(B1\ D1, D2) — Z(B1)

= I(Bl) — I(Dl) — QI(Bl\Dl, Dl) + I(Dg) + 2I(Bl\D1, D2) — I(Bl)

— 97(B1\D1, Do) — 2Z(B1\D1, D1)

= QI(Bl, Dz) — 21(31, Dl) — QI(Dl, Dg) + QZ(Dl)
Observe now that Z(Dy, D3) > 0 and that Z(D;) < C(d,a, 3)5%7® by a simple scaling

argument. Then

Fo(B) = Fy(By) <2 | w(z)dz—2 [ o(x)da+2C(d,a,B)5*
D2 Dl

. 2d—a
< 2(1111)8;x1/1 n[l;pw) | Bs| +2C(d, v, B)6
(5.1)
< —2|Bs| +2C(d, a, B)6*°.

Since 2d — a > d, we conclude that F.,(E) — F,(B1) < 0 if § is small enough.
The proof in the case ¥(R) < (1) for some R > 1 follows a similar construction. Indeed,
in this case we can find n > 0 and £1,e2 > 0 such that

max <  min —-n,
|[p—R|<e1 ip) lp—1|<ez o) =
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FIGURE 1. Numerical plot of the potential ¢ of the unit ball, defined in (4.4),
inthecased=3,a=1,=4and v = % Notice that this value of v is larger
than the stability threshold v, = % (see Remark 5.2) and that the potential
does not satisfy the necessary condition in Proposition 5.1.

and construct the competitor as E := (B1\Bs((1 — d)e1)) U Bs(Re1). The details are left to
the reader. O

Remark 5.2. In the case d = 3, a = 1, f = 4, the computation in [Lopl9] shows that the
unit ball is a global minimizer for F, if and only if v > ypan = é, and that for v < ~pan
the necessary condition in Proposition 5.1 is not satisfied (see Figure 1 for a numerical plot
of the potential v in this case). For these values of the parameters the stability threshold is
Y = % < Yall- Therefore for v € (7i, Yban) = (é, %) the ball is stable but is not an L'-local

minimizer. A similar explicit computation can be made in the case d =3, o =1, 8 = 3.

APPENDIX A. EXPLICIT VALUES OF THE STABILITY THRESHOLDS

Here we complete the proof of Theorem 2.7 by computing the values of the constants -,
and 7., defined in (2.19) and (2.20) respectively, and showing that the identities (2.21) and
(2.22) hold.

From the definition (2.12) of ux(o) and a straightforward computation, we can write for
all k > 2

pr(—a) — i (—a)
/JII(B) — Nk(ﬁ) - %(d7057/8)Xk7 (Al)
where
k—1 La
1- H (j _(52d22)a)
Xy = 27 : (A.2)
o -0
1= . 2d-248
1:1( + 2 )
and 20— 2+ 8 F(dflfa)r(2d—2+ﬂ)
k(d, a, B) = 27 (@FF) @(2d=2+5) 2 2 > 0. (A.3)
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FIGURE 2. Numerical plot of the first points of sequence (X})r>2, defined in
(A.2), for two different values of 3, for the choice of parameters d = 3 and
o = 1 (for which 8, = 22). Left: the case 8 < . (8 = 5). Right: the case
B> B« (B = 155).

Hence to determine the value of the constants v, and 7., we need to study the behaviour
of the sequence (X)g>2, and in particular to compute its supremum and its infimum. The
following analysis is similar to the one in [FFM ™15, Appendix C].

Lemma A.1. We have that

inf X, = X sup X =
k2 k ) k21:2) k

lim X =1 if8< B*(da Oé),
k—o0
where By (d,a) is the constant defined in (1.6).

Proof. We start with a few observations. First notice that, thanks to (2.17), it is immediate
to check that limy_ o, X3 = 1. Following [FFM™15], we introduce some notation to simplify
the computations below. We set

d—1 a p
6—77 t—g—g, T—£+§
(notice that 0 < t < 7). We also define, for k£ > 2,
k—1 k—1 k—1 k—1
ap=[JG+0-1), be=]]G+e+0), a=][G+-7), dv=][G+C+7).
j=1 j=1 j=1 j=1
With these positions, we have
1— &
Xp=——at. (A.5)
dg

We are now ready to prove the properties in the statement.

Step 1. We show that infy>9 X = Xo. Suppose first that 0 < S < 2, and note that in this
case ¢ =[]+ (j . g) >0 for all k > 2.
Hence, by a simple calculation, we observe that Xo < X}, is equivalent to

(a;ﬂk — gkgk)tT + (1 + £> [(gk — ak)JkT - (C?k — Zk)gkt] > 0,
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where ay, = Z—’;, Ek = Z—’;, Cr = %’;, and c?k = ‘;—’;. Therefore, to obtain Xy < X}, it suffices to
show
agdy — by, >0 forall k>
(be — Gp)dpT — (dj, — G)bpt >0 for all k >
To prove (A.6), note that
GHl=)G+Ll+7)=(G+Ll+ )G +l—7) =20+ (T —1) >0,
Since # < 2 by assumption, j+ ¢ —7 > 0 for all j = 2,...,k — 1; hence,

(A.6)
(A7)

k—1 k—1
apdp = [JG+ =G+ L+7) > [[G+ L+ DG+ —7) = bk
j=2 j=2

We prove (A.7) by induction. For k& = 3 an explicit calculation yields
(bs — a3)dsT — (ds — ¢3)bst = 2tT(T — t) > 0.

Now assume that (A.7) holds for some k. Then, by a straightforward computation and by
noting that ¢ < 7, we have

(b1 — Gpsr )dpir T — (A1 — gt Vo1t = 2t7bpdy(k + £+ 7) — 2t7bdy (k + £+ 1)
+(k+l—t)(k+ 0+ 7)(bp — ag)dyT
— (k+ 0 —7)(k+ £+ t)(dg — )bxt

(A7) - -
> Q(k + 5)(7' — t)(dk — Ek)bkt > 0,

and (A.7) follows by induction. This completes the proof of the claim in the case 0 < < 2.
Now suppose 3 > 2, and consider

X _ 1o

2

_ d
X, 1-%2 1-%"

b2 k
Note that
k—1 k-1 1— %
[[G+e+t>J[G+e-0 = 1_Z£>1,
Jj=2 j=2 b2

and the inequality on the left-hand side hold trivially since all factors are positive. On the
other hand,

€2

k-1 .
1+4—71 j+l—r T
— <\ — 2 >
1+4+71 j1;[1

The inequality on the left-hand side holds since we have that Hf;% ;iﬁ;: L<l,and 7> 1+7/

thanks to the assumption 8 > 2. Therefore X > X5 for any k > 3.

Step 2. To complete the proof it remains to determine the supremum of the sequence (X )x>o.
We preliminary observe that, by (A.5), the condition X}, < 1 is equivalent to

(b, — ag)dy, — (di — cx)bg
(di, — cx)by,

< 0.
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Since by > 0 and di — ¢, > 0 for every k, as it is easy to check, we obtain the equivalence of
the two conditions
Xk <1 <~ akdk — bkck > 0. (AS)
In particular, we can compare the value of X3 with 1, which is the limit value of the sequence
as k — o0o. By a straightforward calculation one can check that
X3<1 <<= agd3—b3e3>0 <= 2434+ —tr>0 <= B<pB. (A9

where 3, = B.(d, @) is the constant defined in (1.6). This computation also explains the role of
the constant S,: it is the unique value of 3, for given d and «, such that X3 =1 = limy_, o Xj.

We first consider the case § < [, and we prove that in this case the supremum of the
sequence (Xj) is exactly 1, that is the limit value as k — co. More precisely, we claim that

if 5 < B4, then X < 1 for all £ > 3. (A.10)
Recalling (A.8), we will obtain the proof of the claim by showing that
|bk0k| < akdk for all k& = 3. (A.ll)

We prove this inequality by induction. For k = 3 we have b3cs < asgds since we are assuming
B < Bs (recall (A.9)). On the other hand, we need to show that bscs + agds > 0. We have by
definition

bscs +asds = (1 + £+ )2+ L+ 0)(1 - )2 D)+ 1+ DR+ DA +L+1)2+L+7).

From this expression, it is clear that if 8 < 2 or 8 > 4 both terms are positive (or zero) and
we obtain bscs + asds > 0, as desired. If 2 < § < 4, the first term is negative, however the
sum of the two terms is positive, as

0<(1+L+)2+HL+)<(Q+He+T)2+0+7), |A-5e2-0)<1<1+92+9).

We next prove the induction step. Suppose that the inequality (A.11) holds for some k > 3,
and let us prove it for £k + 1. We have

bk+1ck+1 = bkck(k + 0+ t)(k + 0 — 7'), ak+1dk+1 = akdk(k + 0 — t)(k + 0+ 7').

By the inductive step |byck| < |ardy|, therefore in view of the previous identities it is enough
to show that

((E+ 0+ t)(k+0—1) < (k+€—t)(k+L+7T).

This can be checked directly: indeed (k+ ¢+ t)(k+{ —7)—(k+{—t)(k+(+7) =
—2(k+¢)(t —t) <0, and on the other hand (k+ ¢+ t)(k+{—7)+ (k+{—t)(k+{+T) =
2(k% +2k0 + 02 —t7) > 2(3+ 20+ £%> —t7) > 0 by (A.9). This completes the proof of (A.10).

Step 3. We finally determine the supremum of the sequence (Xj) in the case 8 > f,, and
we show that it is attained for k£ = 3: we claim that

if 8> ., then Xy < X3 for all k > 4. (A.12)

We first prove (A.12) for k even, by showing that X} < 1 for all k£ even. By (A.8)

we have that Xj < 1 if and only if g& < §, which can be written as hy(7) < hy(t) for

hi(z) = Hf;ll ;iﬁ;i Since t € (0,¢) and 7 € (¢,00), we obtain that X < 1 for k even, if we
show that

sup hg(x) < inf hi(z) for all k even. (A.13)
ze(l,00) z€(0,¢)
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By differentiating it is easy to see that hj is decreasing in (0,¢ + 1). Moreover, hi(z) < 0
for all z > £+ k — 1 and k even, since in this case hy(x) is the product of an odd number
of negative terms. It follows by the previous properties that hg(xz) < hi(y) for all x €
(£, 0+1]U[l+k—1,00) and y € (0,¢). Then to complete the proof of (A.13), bearing in mind
the monotonicity of h, it is enough to show that hi(¢) > hg(z) forall z € ({ + 1,0+ k — 1),
which is equivalent to

k—1

] SE
for all 1 k—1). A.14
||]+2£ ”]—l—ﬁ—l—m orallz e ({+ 1,0+ ) ( )

Let r € {1,...,k — 2} be such that x € [( +r,¢ +r + 1): then by reordering the terms on the
left-hand side we can write (A.14) as

r . k—1 .
r—j+1 j+l—z j+l—x
(550 (I ) - (1) (I )

By the condition z € [( + 7, ¢ +r + 1) it is now easily checked that \Jingi\ < r—?jﬁ% for

all j € {1,...,r}, and |]I§+i| < +2£ for all j € {r+1,. — 1}. Hence every term in the
product on the right-hand side is, in absolute value, smaller than the corresponding term in
the product on the left-hand side. This proves (A.14) and completes the proof of the fact
that X3 <1 for all £ > 4 even. Since X3 > 1 (by the assumption 8 > (3,) this proves (A.12)
in the case k even.

Eventually, we prove (A.12) in the case k odd. By (A.5) and a simple calculation, the

condition X} < X3 is equivalent to

—dgt — —bgT + (24 30+ 02 —tr) (T —t) <0.

dy, b,
Letting oy, == ;—’;dgt - ﬁbgT and 7 = —(2+ 30+ (%> — t7)(7 — t), we need to show that
or <1 for all £ > 3 odd. (A.15)

Notice that o3 = 1 and limg_, o o < 7, since the assumption 5 > [, gives limg_, oo Xp < Xs.
In view of these two properties, to prove (A.15) it is enough to show the following claim:

if o190 > oy for some k > 3 odd, then op14 > o yo. (A.16)

By a straightforward computation one has

k—1

JHl—t Jt+l—T1
> = ” >|| :
Ok+2 > Of L2+t jﬂj+2+€+7

k—1
(A.17)

Assume now that o9 > oy for some k > 3 odd. We distinguish three cases depending on
the value of k. If £ > 7 — ¢, then

(k+l—t)(k+14+0—1) (k+l—7)k+1+0—7)
(k+2+0+t)(k+3+0+t)  (k+2+(+7)k+3+(+7)

(since 7 > t and the factors on the right-hand side are positive). Then by the assumption
Oks2 > op, (A.17), and (A.18), we obtain

k+1

(A.18)

jHe—t M oipe—7

—_— B — A.19
11j+2+£+t>11j+2+£+7’ ( )
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which is equivalent to op+q4 > 012, as desired.

Consider next the case 7 — ¢ — 1 < k < 7 — £. In this case the inequality (A.19) is trivially
satisfied, since the left-hand side is positive and the right-hand side is negative or zero (as k
is odd). Hence also in this case o;14 > 0p 2.

Finally, let kK <7 — ¢ — 1. We claim that

T—k—1/ k+0—t T—(k+1)—¢ k+1+0—1t
0< < , < < .
k+2+04T1 k+2+041¢ k+3+04+T k+3+0+1t
Indeed, first notice that
T—j—4 < jHLe—t
JAH24HL0+T T jH240+1
If the first mequahty in (A.20) fails, then t+7+t7 > k2+2k-+2kl+20+02 > j24-25+250+20+1?
for all j € {1,. — 1}, hence
T—j—4 j+e—1
GA2HL+T T j2H L+t
In view of (A.17) this contradicts the assumption opio > op. Similarly, also the second
inequality in (A.20) must be true. By (A.20) we deduce that the inequality (A.18) holds also
in this case and, arguing as before, we obtain (A.19), which is equivalent to o4 > og2.

Therefore we proved the implication (A.16) in all cases, which yields (A.15) and, in turn,
the conclusion of the lemma. O

(A.20)

— t+ T4t > 52+ 25 + 250 + 20 + (2

forall j€{1,...,k—1}.

Corollary A.2. The identities (2.21) and (2.22) hold.

Proof. By the definition (2.19)-(2.20) of 7, and 7., the identity (A.1), and Lemma A.1, we
have that
k(d,a, ) X3 if B> Bi(d, ),
Ve = ( s . B> p.lde) Yex = £(d, o, B) X, (A.21)
/’i(d,Oé,B) lfﬁ<6*(daa>a
Therefore to conclude the proof it is enough to check that the values in (A.21) coincide with
those in (2.21) and (2.22).
We first express k(d, o, 3) in terms of the energies J_o(B1) and J3(B1). Indeed, by using
(2.28) we compute

T-a(B1) _ o (arp) (d+B)(2d + B)(d =1 - a)(2d — 2+ B) D (== (2F+2)
Ts(By) (d—a)(2d —a)(d —1+p)(2d -2~ o) P(E5H2)r (2g=e)

By inserting this expression into (A.3) we find
ald—a)2d—a)(d—14+8) T-o(B1)

D) = BT BRI B d-1-a) TaB) 422
Moreover, it is straightforward to compute
d-1-a C(d—-1—)@2d+B)(2d+2+ )
XQ_d—lJrﬁ’ X3_(d—1+ﬁ)(2d—a)(2d+2—a)' (A.23)

By inserting (A.22) and (A.23) into (A.21) we obtain the explicit values of v, and vee. O
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