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ABSTRACT. We consider the minimization of an energy functional given by the sum of a
density perimeter and a nonlocal interaction of Riesz type with exponent «, under volume
constraint, where the strength of the nonlocal interaction is controlled by a parameter ~.
We show that for a wide class of density functions the energy admits a minimizer for any
value of v. Moreover these minimizers are bounded. For monomial densities of the form |z|?
we prove that when ~ is sufficiently small the unique minimizer is given by the ball of fixed
volume. In contrast with the constant density case, here the v — 0 limit corresponds, under
a suitable rescaling, to a small mass m = |2| — 0 limit when p < d — a + 1, but to a large
mass m — oo for powers p > d —a + 1.
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1. INTRODUCTION

We consider the nonlocal isoperimetric problems
e(7) = inf {57(9); 0] = 1} (1.1)
over sets of finite perimeter Q C R? with given volume, where | - | denotes the Lebesgue

measure in R%, and the energy functional &, is defined as

1
(‘:—Y(Q) = /a*Q a(x) deil +'}//§;/Q‘x_yadl'dy

for v > 0, @ € (0,d). Here 0" denotes the reduced boundary of a set. The first term in
the energy functional is the perimeter of Q with density a: R? — [0, 00), whereas the second
term is a Riesz-type nonlocal interaction energy.

The minimization problem (1.1) is a variant of the classical liquid drop model introduced
by Gamow in [26]. Gamow’s model is simply given by (1.1) with a = 1. The most important
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feature of this geometric variational problem is that the two terms present in the energy
functional are in direct competition. For a = 1, the surface energy is minimized by a ball
whereas the repulsive term does not admit a minimizer and prefers minimizing sequences with
multiple vanishingly small components diverging infinitely apart in order to disperse the mass.
The parameter of the problem, that is =y, sets a length scale between these competing forces
and drives the competition between the short- and long-range interactions. This problem has
generated considerable interest in the calculus of variations community (see e.g. [3,7,14,20-
22,29, 30,32-34,38,42] as well as [15] for a review) with several papers studying parameter
regimes of existence and nonexistence of minimizers. Results of [21,32,34], for example, show
that for large values of v, the energy £, with a = 1 does not admit a minimizer. There are
also several studies characterizing the minimizing sequences [3,7,33] even when minimizers
fail to exist. In particular, in [3], the authors use a “regularization” of the energy by adding
an attractive external potential which guarantees the existence of minimizers for all values
of .

Also very recently there has been studies on the extensions of the liquid drop model to
the anisotropic setting where the surface energy is replaced by an anisotropic surface tension
[8,13,36]. In these models the surface energy is given by fa*Q (vg) dHI! for some convex,
one-homogeneous function 1 where vq denotes the outward unit normal to the reduced
boundary 0*Q2. Such anisotropic extensions do not annihilate the translation invariance of
the liquid drop model and a simple scaling argument heuristically justifies that for large ~y
values minimizers still fail to exist. In contrast, the inclusion of a translation variant density
in the perimeter functional “regularizes” the liquid drop model in the sense that the problem
admits a minimizer for all values of ~.

Isoperimetric problems defined via weighted perimeters

Pa(Q) := /8*9 a(z) d?—[d_l(:z:)

have been studied for various choices of densities a. Problems where the volume constraint
is also weighted either by the density a or by some other function have especially attracted
significant interest (see e.g. [5,6,10-12,17-19,24,37,40,41,44] and references therein). The
main questions regarding these problems have been existence, boundedness and regularity of
isoperimetric sets. These questions have been studied not only for specific densities (radial,
monomial, Gauss-like) but also for rather general densities satisfying some boundedness and
continuity conditions. To our knowledge, perturbations of density perimeter (either by long-
range interactions or by external potentials) have not yet been considered in the literature.

As pointed above, the inclusion of a confining density in the perimeter functional provides
a different type of “regularization” of the problem (1.1). Our first main result establishes
the compactness of any minimizing sequence with global convergence to a minimizer for any
~v 2 0 and for a wide class of densities, satisfying a simple coercivity condition:

(A1) a € C'(R?), a(0) =0, a(z) > 0 for all z # 0, and limy,_, a(z) = +oc.

In order to state the existence result, we recall that sets ,, — Q globally if |Q,AQ| — 0,
that is, their characteristic functions yq, — xq in the L'(R%)-norm.

Theorem 1.1 (Existence of minimizers). Let a be any density satisfying the assumption
(A1), and fir any v > 0. Then any minimizing sequence {Qp}nen for the problem (1.1)
admits a subsequence which converges globally to a minimizer €, C R? with 1] =1 and

X2, € BVioc(RN\{0}).
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Remark 1.2. The proof of the existence result in Theorem 1.1 can be extended to a somewhat
broader class of densities a satisfying
acC'RY, a'({0})=2Z, a>0in RN\Z, and lim a(z)= +oo,
|z| =00
for any finite set Z = {z,...,2n} C R? with m € N. We present the proof in the case
Z = {0}. In this general situation, any minimizer Q7 C R? is such that xqo, € BVie.(RH\Z).

We remark that the coercive nature of a at infinity ensures the existence of minimizers for
(1.1), essentially because the splitting of mass off to infinity (the main reason for noncompact-
ness in nonlocal isoperimetric problems) is rendered too costly. However it does not ensure
that minimizers need be connected sets. Indeed, for large v the nonlocal interactions should
become large enough to favor the fragmentation of sets, which will repel but be contained
at finite distance. This behavior is also observed in nonlocal isoperimetric problems with a
confining term [3].

Our existence result relies on a modified version of the relative isoperimetric inequality
on annulli and requires only the minimal assumption (A1) on the densities a. On the other
hand, proving boundedness of minimizers is rather technical and we prove it under one of
the following additional structural assumptions:

(A2a) a € C’loo’i (R%) and there exists constants Cy > 1 and R, > 1 such that for every
R > R, it holds

0< sup a<C(Cy inf a (1.2)
BQR\BR BQR\BR

(A2b) a € C’loo’i (R?), a(z) = a(|z|) and there exists R, > 1 such that a is non-decreasing
for |x| > Ra.

For densities satisfying either of the additional conditions (A2a) or (A2b), using regularity
results of quasi-minimizers, such as density bounds, we obtain the boundedness of minimizers
of the problem (1.1).

Theorem 1.3 (Boundedness of minimizers). For any density a satisfying (A1) and either
(A2a) or (A2b), and for any v > 0, any minimizer ., of (1.1) is essentially bounded.

Remark 1.4. We require the assumption (A1) in Theorem 1.3 only to obtain the existence
of a minimizer to (1.1). If the existence of a minimizer could be obtained under some other
conditions, either (A2a) or (A2b) would be sufficient to obtain the boundedness of minimizers.

Remark 1.5 (Almost polynomial densities). Let a € C’loo’i (RY) satisfy the following conditions:
(i) a(0) =0 and a(x) > 0 for x # 0.
(ii) There exist p > 0, Ry > 0 and Cq,Cy > 0 such that C1|z[P < a(z) < Ca|z|P for all
’.1‘| > Ry.
Then a satisfies the assumptions (A1) and (A2a); hence, Theorems 1.1 and 1.3 hold for such
densities.

For homogeneous densities, which satisfy the condition a(tx) = tP a(x) for some p > 0,
a simple scaling argument shows that the minimization problem (1.1) is equivalent to the
problem

inf{El(Q): Q| = m} (1.3)
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with the correspondence

= m_(p+a_d_1)/d, pF#Eps=d—a+ 1.

It is interesting to observe that for homogeneous weights the large mass/small mass behavior
of the minimization problem depends on the specific power p. In particular, when p > p,, the
corresponding value of v varies inversely with mass. Thus, with p > p, the nonlocal energy
is dominated by the perimeter term P, for large mass m, and the nonlocal term dominates
for small m, exactly the opposite of the behavior for constant a. For subcritical p < p, the
opposite is true, and the energy is perimeter-dominated for small m. At the critical value
p = p« the two problems (1.1) and (1.3) are not equivalent, and (1.3) is scale invariant:
the minimizers at any mass m are all rescaled copies of the same set. Since Theorem 1.1
guarantees the existence of a minimizer for all values of m (or 7), an interesting question
is the characterization of minimizers for a range of values of the parameters. We provide a
partial answer to this question in the next theorem.

Theorem 1.6 (Global minimizers in the small v regime). Let a(z) = |z|P with p > 0. For
v sufficiently small the ball B C R?® of volume one, centered at the origin is the unique
minimizer of e(7y).

For p < py, the v — 0 limit is equivalent to the small m regime in (1.3), and the optimality
of the spherical ball for small mass is well-known for the unweighted a = 1 case (see [7,29-32]).
With p > p,, the situation is reversed and Theorem 1.6 shows that the ball minimizes for all
sufficiently large m. Such a are very coercive at infinity, and the situation is similar to the
case studied by Généraux and Oudet in [27], where the problem (1.3) with constant density
is supplemented with a confining term. In that case they also prove the minimality of the
ball for very large m.

The proof of Theorem 1.6 relies on a penalization technique, similar to those used in
several geometric variational problems involving the perimeter functional (see [1,7,16,20,39]).
Utilizing results from the regularity theory for density perimeters [18,41] we reduce the
minimizers of the nonlocal problem to nearly spherical or isoperimetric sets in the small ~
regime. The novelty here is, though, that we cannot directly apply the results from the
literature due to the degeneracy of the density a at the origin and the possibility of small
nonsmooth components of 9*€), near the origin. Once we reduce the problem to nearly
spherical sets we use a Fuglede-type argument (see [23]) to control the isoperimetric and
nonlocal deficits between minimizers and the ball and show that for small v > 0 these
quantities have to be identically zero.

The regime of large + is also very interesting, but its analysis requires a very different ap-
proach. While the existence of minimizers is guaranteed by Theorem 1.1, in this regime, the
nonlocal term is dominant and prefers the minimizer to break into smaller pieces distributed
in a compact set whose size is determined by the confining term a. Hence, the characteriza-
tion of minimizers (i.e., the shape of the disconnected components as well as their locations)
depends on the delicate balance between the preferred shapes dictated by the density perime-
ter and the inter-component interactions. A similar phenomenon is also observed in models
of copolymer/homopolymer blends. While existence of minimizers is obtained for all values
of m in [9], only in the small m regime the minimizers are uniquely characterized leaving the
question of the precise morphology of minimizing configurations for large m open.

Structure of the paper. The paper is organized as follows. In Section 2 and Section 3
we prove Theorem 1.1 and Theorem 1.3, respectively. Section 4 is devoted to the proof of
Theorem 1.6.
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Notation. Throughout the paper wy denotes the volume of the unit ball B1(0) in R% and we
write B, := B,(0) to denote the ball of radius r centered at zero. Constants, denoted by C,
can change from line to line (unless otherwise noted). We will denote the a-volume measure
and the a-surface area measure, respectively, by

Q= /ﬂ ay)dy, and HIN(Q) = /ﬂ a(y) dHIL(y).

The relative weighted perimeter of E in F' will be denoted by either Py (E, F) or [, a(z)|VxEl,
where xp is the characteristic function of the set E and |Vxg| is the total variation of ypg.
The weighted perimeter of E in F' (or the a-perimeter) is defined as

Pa(E, F) := sup {/ div (a(z)X(z)) dz: X € C®(F;RY), || Xz < 1}.
E
In particular, Pa(E, F) = HZ 1(0*E N F). We will say that xg € BVa(F) if Pa(E,F) <
+00. Perimeters of sets in the whole space (i.e., when F = R%) are denoted by Pa(E) or

Jra a(2)|Vxg|. We will denote the Euclidean perimeter (when a = 1) by simply P. Finally,
we will denote the nonlocal term by V, i.e.,

V(Q) :://dxdy :
alaolr—yl~

2. EXISTENCE OF MINIMIZERS

for any « € (0,d).

In this section we present the proof of Theorem 1.1. It relies on the following modified
version of the relative isoperimetric inequality on annulli.

Lemma 2.1. Let A, g = {z € R?: r < |z| < R} = Bg\B, denote the half-open annulus of
mner radius v and outer radius R. Then, there exists a dimensional constant cq > 0, so that

min {|Q N Ay o|@-D/d \ALQ\Qy(d—U/d} < cqaP(, Aro) (2.1)

for every set of finite perimeter Q C RY.

Remark 2.2. Inequality (2.1) is still valid with the same constant ¢4 over any annulus A2j’2j+1
with 57 > 1, as the inequality is invariant under scalings.

The relative isoperimetric inequality is typically stated for balls in R? (see e.g. [47, Thm
5.4.3],) but in fact the same proof verifies that it holds in any domain for which one can prove
the validity of the Poincaré inequality,

d—1

d d
/ |u — 4y g| =T dx < 01,2/ |Vu|dz,
ALQ A1,2

where @, g == f, . udz is the average on annuli. The latter can be found in [2].

We now turn to the proof of the existence of minimizers for e(y). For translation-invariant
nonlocal isoperimetric problems existence is a delicate issue, as minimizing sequences can
split, with pieces diverging to infinity. The increasing weight a(x) raises the cost of splitting,
an effect which is quantified in our proof via the relative isoperimetric inequality, Lemma 2.1.



6 STAN ALAMA, LIA BRONSARD, IHSAN TOPALOGLU, AND ANDRES ZUNIGA

Proof of Theorem 1.1. Let {€,} C R? be a minimizing sequence of (1.1):
E(Q) —e(y) as n— o0, and [Q,|=1 forany n > 1.

We first show that {Q,} is uniformly bounded in BV (R%\B.) for all £ > 0 sufficiently small.
To see this, note that lim|,|_, a(z) = +oo implies that there exists Ry > 0 such that a > 1

in RN\ Bg,. Define 6. := min{a(x): ¢ < |z| < Ry} for 0 < £ < 1 small enough so that J. < 1
(as limy,_,0 a(z) = 0). Then, for any such choice of ¢, a(z) > 0. > 0 for all x € R\ B, and
we deduce

0: P(Qn, RNB.) < Pa(Qn, R\B:) < &,() = e(7) + 0n(1),
which confirms uniform boundedness in BV (R B.).

We next show local convergence of {€2,,} to a limiting set €2,. Invoking compactness results
of sets with uniformly bounded perimeter, there exists Q¢ C R% so that Qp, — QF locally in
RN\B., as { — oco. Running a diagonalization argument over a sequence € = 1/k — 0%,
there exists a subsequence ny — oo such that for all £ > 1, Q,,, — Ok locally in RN\ B, ks
as £ — oo. In particular, Ql/(k+j)\§1/k = Ql/k\ﬁl/k for any j > 1. Defining the limit set as
Q, = UZil(Ql/k\El/k), we claim that up to subsequence,

Q, — Q, locally in R? as n — oo, and

(2.2)
XQ, —* X0, pointwise a.e. in R? as n — co.

Assuming the claim, we may conclude that P(€2,, RN\ B.) < lirr_l> inf P(Q,, RN\B,) for 0 <
n—oo

€ < 1, which shows xq, € BVige (RN {0}).

To verify (2.2), let K C R? be a compact set and for £ > 0, fix k > 1 so that | By ;| < e.
Then

(22A0,) VK| = (A7) 0 (K\By )| + [(2249,) N K N By
<op(l) +e.

Since € > 0 is arbitrary small, we conclude (2.2). The aforementioned convergence along with

the lower semicontinuity of the a-perimeter functional, together with Fatou’s Lemma shows
that

£,(2) = Pa(y) + 7 V(D) < Iminf(Pa(,) +7 V() = e(7).

We are only left to show that €2, is admissible in (1.1), from which it will follow that &£,(€2,) >
e(y); thus obtaining the existence of a minimizer.

We observe that [, < 1 in view of Fatou’s Lemma, once again. We claim that in fact
|€2,| = 1. Suppose, on the contrary, that |Q,| < / for some § € (0,1).

The local convergence (2.2) shows that for all R > 0, [Q, N Bg| = |, N Br| +o,(1) < S
for all but finitely many n. Thus, the sets €2,, have very thick tails, which will introduce huge
energy cost via the relative isoperimetric inequality. By running a diagonalization argument
over { Ry = 2’“}, there exists an increasing subsequence ny — 400 such that for all £ > 1,

inf [Q,\Bgr| > 1— 0. (2.3)
nzng
On the other hand, as a(z) — 400 as |z| — oo, for M > 1 arbitrarily large, for all n > 1,
and every k > ks sufficiently large,

E,(Qn) = Pa(Q, RN\ Byr) = M P(Q,,, RN\ Bas). (2.4)
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Intuitively, when j is large we expect |QnmA2j72j+1 | to be much smaller than its complement
| Agi 9i+1\ 2y in the annulus. Indeed, we claim that there exists jo € N such that for all j > jo
and for all but finitely many n we have

[0 N Ags gia | < (7)) Agi 9i+1\ Q. (2:5)

For otherwise, there would exist increasing sequences j; — 400 and ny — +00 for which
12, N AM’QJ-Z+1| > (2”“)*d]A2jg72jz+1\Qw], for every ¢ > 1. This would imply that

> 1 4+ 20+1)d | Agie giet];

and hence,

[e.9]
1=, 2 Z €2, N Agiy 2]e+1’
(=1

(e o]

1

1+ ( 2]e+1 T o d A e | > Z < 2d>°"d = oo,
=1

establishing the claim.

We now fix any k > max{kns, jo} and n > 1 sufficiently large to obtain the validity of (2.4)
and of (2.5) for all j > k. Utilizing the relative isoperimetric inequality on {Ag; 941 : j > k}
(see Remark 2.2), we get the lower bound

o0

cd P, RN\Bor) =) ¢ P(Qn, Agi gs41)
ik

(o]
a1
> Z Q2 N Agj 91| @
Jj=k

- a-1
d _
> (Z |Qn N A2j72j+1 |> = |Qn N (Rd\BQ’V)‘%

=k
Increasing the value of n > ny if necessary, it follows from (2.3) and (2.4) that

M -
+oo > e(y) +on(1) = MP(Qn,Rd\BQk) > . (1-— B)ddl,
d

with M > 1 arbitrarily large. Thus, we reach a contradiction. Hence, |Q,| = 1, and we have
proven that €2, attains the minimum in the nonlocal isoperimetric problem (1.1).

Finally, by the identity |Q,AQ,| = 2|Q\Qy| + || — |2,] together with [Q,] = 1 =
€2, and (2.2), we deduce the global convergence of the subsequence {2,}, as (by local
convergence, )

2\ < [(2\20) 0 By + [AB:] < [(2,\20) N By| + 0r(1).

Thus, every minimizing sequence §2,, for e(y) contains a subsequence which converges globally
(in LY(R%)) to a minimizer of e(y). O
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3. BOUNDEDNESS OF MINIMIZERS

In this section we prove Theorem 1.3. Since the assumptions (A2a) and (A2b) characterize
different types of densities, the proof of the theorem requires two different approaches. For
densities which are polynomial-like and have bounded oscillations (i.e., densities satisfying
(A2a)) we make use of a series of technical lemmas establishing uniform density bounds for
quasi-minimizers of the weighted perimeter functional where the density is measured with
respect to weighted volumes. For radial and monotone densities (i.e., densities satisfying
(A2b)), on the other hand, we utilize a regularity result, called ¢ — gld=1/d property, which
basically says that a set of finite perimeter can be locally modified where one increases its
volume by e, while the perimeter increases at most by a constant multiple of gld=1)/d e
present the proof in two subsections.

3.1. Densities with bounded oscillations. We start with densities satisfying the assump-
tions (A1) and (A2a). First, we prove that any minimizer €2, of (1.1) has finite a-volume.

Lemma 3.1. For any density a satisfying (A1) and (A2a) any minimizer €1, of (1.1) has
finite a-volume, i.e., |Qy|a < +00.

Proof. By passing to the limit Q,, — Q, in (2.5),
12 N Agj pir | < (2777 Ay 041\, (3.1)

for all j > jo, for some jy. Fix ja € N with ja > jo, such that Ry < 272 where R, is given
as in (1.2). Using (1.2), (3.1), and the relative isoperimetric inequality (see Remark 2.2) we

have:
fia,

dx—Z/mA (z) dz

2ja 27 27 +1

N

Z ( sup a)]§27 mAQj,2j+l|

jfja Agj i1

Z Ca( inf a)|Q,N A2j72j+1‘% ‘Qw\Bw'ﬁ

=7a 2J 27+1
. [o.¢]
< Ca[0\Byialz Y ( inf a)cd/ Vxa, |
J=Ja A2j’2j+1 A2j,2j+1
1 oo
< ¢q Ca |2\ Bgja |4 Z a(r)|Vxa,|.

j=Ja A2j,27+1

Hence, as [Q,| < 1, we conclude that

/ a(z)dr < cqCa a(r)|Vxa,|. (3.2)
Q,\B

2ja Rd\sza

Since €, has finite a-perimeter, we obtain that [, |a < +o0. g

At the heart of the proof of Theorem 1.3 lies the regularity of quasi-minimal sets with a
volume constraint. In order to establish this we will largely follow the argument carried out by
Rigot in [43, Chapter 2], where the author studies the case of standard perimeter functional
a(xz) = 1. Asin [43, Chapter 1] and [35, Chapter 21], given a function g : (0, +00) — (0, +00)
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with g(z) = o(z(4=1/4) for z close to 0, we will say that Q. is a volume constrained quasi-
minimal set for a-perimeter if
Pa($2y) < Pa(F) + g(|[FAQ,)

for any F' C R? with xp € BVa(R?), |F| =1 and FAQ, cC R4

Minimizers of isoperimetric problems with a Riesz-type nonlocal term are also volume con-
strained quasi-minimizers for the perimeter functional with the choice g,(x) ~ v z. Indeed,
as argued in [32, Proposition 2.1], we define the potential of a Borel set E C R? by

1
UE(:Z:) ::A |l’—y|a dy

and consider a minimizer 2, of (1.1) together with a set F' with prescribed mass and FAQ, C
B, (0) for some r > 0. A simple argument shows that the interaction energy V is Lipschitz
with respect to symmetric difference:

V(F)—V(E)://ldxdy—//ldxdy
el =yl Ble v —yl®

< / (vg +vp)de
EAF

< C|EAF)

(3.3)

/

with C' =2 [, o +2.
Hence, any minimizer (2, of £, must satisfy
Pa(§2y) < Pa(F) + Cy [FAQ,|, (3.4)

for any suitable competitor F' as above.

We will now present some technical lemmas essentially studied in [43, Chapter 2| and adapt
these results to the case of weighted perimeters. The next lemma, proven for a = 1 by Giusti
(see [28, Lemma 2.1]), shows that any set of positive perimeter can be approximated in L'
by another set without substantially increasing the weighted perimeter. We denote by [-]1 p
the Lipschitz seminorm in D.

Lemma 3.2. Let D C R? be a bounded domain, L C R? with x1, € BVa(R?) for a density
ac C%(D), infpa >0, and such that

/ a(z)|Vxr| > 0.
D

Then there exist € > 0 and Qa > 0, depending on L N D and D only, such that, Qa <
(supD a) (1 + [a]l,D), and for every v € (—¢,¢), there exists F C R? with F = L in a
neighborhood of RI\D satisfying

F| = L]+,
/a(x)\vXFr</ a(2)| Vx| + Qalvl,
D D

/\XF—XLKQa!vL
D

Proof. By definition of a-perimeter, there exists w € C!(D;R%), |w(x)| < a(x) a.e. in D,
such that

1
/ xr divwdr > / a(x)|Vxr| > 0. (3.5)
D 2Jp
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Note that, since a > 0 in D, BV,(D) C BV(D). For t € (0,1) we put n; = = + tw(z)
and K := sptw CC D. Then 7; = I in R\ K, and for |¢| small enough, n;: D — D is a
diffeomorphism. Letting L; := n:(L), we claim:

L = [ 1det Dy o
L (3.6)
/D a(2)| Vx| < /D al(e) (@) V] + [t (sup ) . /K fo(@) Vx|

where fi(x) := | det Dn;(x)||(Dn;) "' (x)|. Indeed, the first equality is clear, and the inequality
below it is obtained by noting,

/ a(@)| Vx| < / (a0 m)(@) ful@)| Vx|
D D
< /D a(z) f(2)|Vxu| + /K fu@)]ao n(z) — a(@)| |V xul

and estimating, for z € K,
[aom(x) - a(@)] = fa(z + tw(z)) ~ a(@)] < [alux [tw(@)] < |t [k (supa).
Also, det Dy = 1+ tdivw +t2A(x,t) and (D) ~! = I —tH(x,t), with |A| and |H| bounded

uniformly by a constant, which depends exclusively on L N D and D. For [¢| small enough,
fi(z) < 1+ t(divw + |H|) + O(#?), and so (3.6) shows

|L| = |L] +t/ XLdivwdx+t2/ XL A(z,t)dz, (3.7)
D D
and

/ a(@)|Vxr, < (14 [t] - | divao + [ H| () / a(z)| V|
D D
+llfalsp (supa) /D Vxi| + O(2) (3.9)

< /D (@) x|+ ll(supa) (C + [als o) /D Vel + O(22).

In view of (3.5), there exists &’ > 0 sufficiently small so that for any choice of v € (—¢’,&’) the
relation ¢ [, xp divwdz+t* [, xA(z,t) = |v] in (3.7) holds true for some ¢,, and moreover
[ty] < C'|v|, with C" depending on L N D and D only. We take F' := L;, and observe
that F satisfies the first two statements of the lemma, in light of (3.7)-(3.8), for the value
Qa = 2(supp a)(C'+[a]1,p) [, |VxL|, by decreasing the value of &’ if necessary, in order that
C'e € 2.

To verify the final statement, for g € C1(D) let g, :== go nt_l, 80 gt — g = gt — gt on. Then

/D gt — gl dz = — /D /01 tw(z) - Vgi(z + tsw(x)) ds dx

1
< ¢ / a(z)|Vge oms| da ds
o JD

< ]t]/Da(:Jc)\Vg|d1:+|t|2[a]17D/D]Vg\+O(|t|3), (3.9)

where the last inequality will be derived below. Observe the third bound in the statement
of Lemma 3.2 holds for Qa = 2(supp a)(1+ [a]1,p) /5 |Vxz|, upon decreasing the value of ¢’
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if necessary. An approximation argument justifies estimate (3.9) for ¢ € BVa(R9) and so in
particular for g = xr and g = x1 © nt_l = xr,- First, note that

| a@Vaomldr = [ (@on)@)Val|det D) da
<O+ 1H]w) [ @om ) @IV(gon )] da
<+ 1) [ aist o n)(@)|(Da) ™| Vgl det D da
< (L 1 1 H o) (1 + It div ]l

1t 1Al +0) [ aiis! o)) Vgl de
Also, it can be checked that |a(n;," o n;)(x) — a(z)| < [a]1k|t| for 2 € K, since we have that
(1" 0 me) (@) — 2| S [ (L+ |s])l|w]] oo ) Hence,
| atistom)@Valds < [ at@)Vglds+C el [ [Vl

where the constant C' depends on D only. Recalling (3.7)-(3.8)-(3.9), and the fact that
|ty| < C'|v|, we can choose

Qa = 2(supa)(max{1, C) + [al1.0) [ [V
D
and this concludes the proof. O

Remark 3.3. We note that in the proof of Lemma 3.2 above we only use the Lipschitzianity
of a.

Let us continue with an adaptation of a classical notion in geometric measure theory, to
our setting with weight function a. Given z € R? and r > 0 let us define the weighted relative
density function of the set (1, as

ha(z,7) = min{ |2, N By ()] |BT(;p)\QV|a} |

1Br()la "~ [Br(7)la

The rest of the proof is devoted to establishing a uniform lower bound of the form hy(z,7) >
g0 > 0 for any point x € 9*(2,, as long as r is taken sufficiently small. From here we will
conclude the boundedness of the minimizer €2, of &,.

Now, in view of the behavior of the density at infinity, lim,|_,,, a(x) = +oo, the constant
Ra > 1 in condition (1.2) can be chosen large enough so that R\ Br, C {x € R%: a(x) > 1}.
If Q, C DBag,, then the minimizer is essentially bounded and we are done. Therefore, in
the following we may assume that the total variation measure |Vxq | = ¢ d=1 0*Q), is
nonvanishing in R\ Br,. We may also fix a constant ¢y € (0,1) and balls B! and B?, each
of radius tg, for which

3B'NnB*=10, 3B'UB?ccR)\Bp, and /B a(z)|Vxa, | >0 for i=1,2. (3.10)

In what follows, B and B? are to be used as reference sets, inside of which we will perform
small deformations of our minimizer €2, in order to create a competitor set F' with |F| = €2, |
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(see Lemma 3.2 above with D being B! or B2, by analyzing two cases). This will allow us
to exploit the volume constrained quasi-minimality of €2, with respect to the a-perimeter,
to derive a delicate growth estimate for the weighted relative density function of €2, as a
function of the radius r, which will ultimately justify the uniform lower bound on h, that
was claimed above.

Before we continue, let us remark that for densities a satisfying the assumptions (A1) and
(A2a) (hence, in particular, the condition (1.2)), the a-volume of any two sets Fy, F» CC
B, \Bp are uniformly comparable:

c! |F1| < infp a |Fi| < |F|a < S'UPFla | Fy | <c, | Fy |
‘F2| SupF2a ’FQ‘ ’F2|a lan2a |F2‘ ’FQ‘

(3.11)

for any R > Ra. In particular, for any set F' cC R\ Bg,,

|F|:/F1dx</Fa(az)dx:|F|a (3.12)

These facts will be used in the following technical results.

The first lemma establishes a bound on the growth rate of the weighted relative density
function, for any minimizer 2, of &,, as a function of the radius r on balls having small
a-volume, provided that the set {1, or its complement ]Rd\QV have small density on that ball.

Lemma 3.4. For every v > 0 there exist 0 < &’ < 1 with max{1,7%}e’ < 1, and 0 < tg < 1,
such that, for any minimizer Q. of &, and for any ball B,(z) CC RN\Bg, with 0 < r < tg
and Ry as in condition (1.2), there holds: If ha(x,r) <& and 0 < |B.(x)|a < 1, then

ha (x, %) < %ha(x,r).
Proof. Let x € R and 0 < r < ty. Loosely speaking, the main strategy is the following.
If ha(z,7) = |Qy N By(z)|a/|Br(x)]a is small, we would like to delete the portion of €
that is inside of By, (x) for some t, € (r/2,r) appropriately chosen. In a similar fashion, if
ha(z,7) = |Br(2)\Qy|a/|Br()|a is small, we would like to append the ball By, () to . In
these two cases, the resulting set has an additional portion of its boundary located inside
By, (x), when compared to Q, N B,(z) or B,(z)\Qy. As ha(z,r) is assumed small, we lose
in the volume term in (3.4) less than what we are adding on the boundary (F in (3.4) is
our resulting set). We must then analyze the contribution of the boundary term in By, ().
We choose t, in such a way that we can control H~1(Q, N 0B, (x)) in the first case, and

HIL(OB,, (2)\Q,) on the second case, in terms of \Br(x)|gd71)/d ha(z,T).
We distinguish four cases.

Case 1: Assume that ha(z,7) = |QyNB,(7)|a/|Br(7)]a and B,(x)NB = (), where B! denotes
the fixed ball in (3.10). By Fubini and Chebyshev inequalities one can find t, € (r/2,r) and
C = C(d) > 0 such that

(SHPBT(J;) a)l/ d

HI1(Q, NdB,, () < C
( Y t( ) ‘BT(x)all/d

12, N By (2)]a, (3.13)
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Indeed, using Chebyshev’s inequality with My = (6 |B,(z) ;/d)_lm.y N By (x)l|a, for 6 > 0,
yields

{te(r/2,r): ’Hi_l(Qy NIB(z)) > Me}‘ < ML

/ HEL(Q, N OBy () dt
0 Jr

/2
< J\Z'Q’V N (Bo(@)\Bys())]a

1/d
<9|BT(x)é/d<9<sup a) wcll/dr<f
By () 2

for 6 = (4%wq SUPR, (z) a)~'/?. On the other hand, note that

/ a(1) [V xa 5 (o] = / a(y)|Vya, | +Hi (2, N OBy, (2).
Rd Rd\Bt* (3})

With D = B!, as defined in (3.10), and L = €2, we apply Lemma 3.2 to obtain values ¢ and
(Qa satisfying the conclusions of that lemma. The constants e and 0, depend on €2, N B! and
B! only, so, in particular, they are independent of  and r (and t,). Fix &’ € (0,¢) for the
time being, and choose r € (0,ty) sufficiently enough so that ha(z,7) < &’ and |B,.(z)| < e.
Later on ¢’ will be reduced accordingly (independent of 7).

Let ' = Q,\B, (z) and observe, by hypothesis, that Q' N B! = Q, N B'. This means
that the same constants € and Q, still work for Lemma 3.2 when applying it with L = Q'
and D = B'. Applying Lemma 3.2 to L = ', D = B! and v = |2, N By, (z)| (note that
lv| < |B.(z)| < ¢), we find a set F' C R? such that F' = €' in a neighborhood of R%\ B!,
|F| = ||+ |2 N By, (z)| = 1 and for which

[ 2wVl < [ a)Vxel +Qulf, N B ()
and |FAQ| < QalQy N By, ()],

(3.14)

where Qa < (supp: a) (1 + [a]; 1) is fixed and independent of  and 7.
In light of (3.12), we have |Q,NBy, (z)| < [N By, (z)]a, and in addition, using ha(z,r) < £’
and | By (z)|a < 1, we deduce that

0, N By, (2)|a < |2y N Br(@)]a = |Br(2)]a hala, ) < |Bp(@)| 8 ha(z,r) <. (3.15)

Since F' = ' in a neighborhood of R%\ B!, we have

/ a(y)|Vxr| = / a(y)| Vel
R\ B! R4\ B!

Combining these facts, we obtain

/ a(y)|Vxr| < / a(y)|Vxer| + Qal2, A By (@)
Rd Rd

(3.15)

1
< [ 2V + QulB @ )
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In addition,

/ a(y)|Vxer| = / a(y)|Vxa,| + Hi (R, N OB, (2)
Rd Rd\Bt* (a:)
(3.13) (SUpp, (x a)l/d
<[ Ve |+ RO T 0, 0B ()l
R4\ By, (z) |B,(x)|a

(3.15) _
<L aWIVxa, [+ sup @) B @) o)
RINBt, (x)

B (x

Assuming, without loss of generality, that supp, (,)a > 1, the above estimate yields

/ a(y)|Vxr| < / a)|Vxa, |+ C( sup a) VB @)V hale,r)  (3.16)
Rd RA\ By, (z) B (x)

On the other hand, recalling (3.12), (3.14), and (3.15), we have

[FAQ,| < [FAQ| + QAQ| < (14 Qa)l2y N By, (x)]

<
< (14 Qa)ly N B (2)]a < (14 Qa)|Br(2)]a ha(w,m) < Ce.

Recall now that €2, is a volume constrained quasi-minimal set for a-perimeter with g,(x) ~

vz = o(z(@1)/4); see (3.4). By reducing the value of &’ in such a way that max{1, ’y}z’s’é <1,
we obtain

d—1

91 (|IFAQ]) < n|Br(2)|a” halz,r) T,

where 7 will be chosen below (independent of ¢’). Since €, is a volume constrained quasi-
minimizer for the a-perimeter, the above inequality and (3.16) yield the following estimate:

d—1

/ ( )a(y)|VXQW\ < <C( Su(p)a)l/d ha(z,7) —i—nha(x,r)d;l>|3r(x)ad. (3.17)
By, (z B (x

In view of (3.17), using the standard isoperimetric inequality on balls, we obtain that
‘Br/Q(@ |la ha (2,7/2)

= min {|2 N B,/o(2)]a, | By 2(2)\ Qs a }

< sup amin {100 8@ B\ )
r/2\T

d—1
C. inf a)- C / Yy
( B, )a(x) ) (BT/Q(J:)| QW’)

_d_

1 d—1
<CC inf a) 41 / a(y)|V
a( B, s(z) ) < Be. (2) (y)| X, |>

N
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. 1 1/d a—1) -1
<CCqy( inf a) a7 C( sup a) ha(z,r) +nha(z,r) 4 |B,(x)]a
B,.j2(x) By (x)

<CCa( inf a>—d11(( sup &) T g, )70 +ndd1)ha<x,r>rBr<x>\a
B2 () By ()
1

d—1

<cc, [Pnw? ( ; nddl> a2, )| By ()]
mer/Q(x)a

1) (1 a4 J

< OCy |edt it ha(%r)(Q Ca‘Br/Z(xﬂa)-

In other words, we conclude that

ha (x, %) <Cc (5’ﬁ +n%> ha(z,7) < %ha(ﬂﬁﬁ)a

provided 0 < n < (4003)_% is chosen small enough; and possibly reducing the value of

¢’ < min{e, (4CC2)~(@=11 independently of = and 7.

Case 2: Suppose ha(z,7) = |Q,NB,(z)|a/|Br(z)|a and B, (z)NB! # (). Under the hypotheses,
B,(x) C 3B!, and (3.10) ensures that B, ()N B2 = (). We proceed exactly as in the argument
in the first case, with B! replaced by B2.

Case 3: Assume that ha(z,7) = |B,(2)\Q|a/|Br(z)]a and B,(z) N B! = (. We will proceed
analogously as the first case, but with

QO = Q,y U By, (.TJ)
for a certain t, to be determined below. Again, by Fubini and Chebyshev inequalities, we
can find t, € (r/2,r) in such a way that

(supp, () @)/

HIL (OB, (2)\Q,) < C B (2)\ (3.18)
1B, (x)|%
Also, we have that
/ a(y)[Vxer o, (o)] = / a)|Vxo |+ HE OB, (0)\2).  (3.19)
Rd Rd\Bt*(x)

Fix now ¢’ as in the previous cases so that ha(x,7) < ¢’ < € and |B,(z)| < €. Note that (3.12)
yields |QQ\Q,| < [Q'\Q|a. Also, recalling that |B,(x)]a < 1, we have

’Q/\Qv’a < [Br, (2)\Qya < [Br(2)\Qya
<|Br(@)]a halw,r) < |Bp(@) SV how,r) < &',
Because of the choice of &, we can apply Lemma 3.2 to L = @/, D = B! and v = —|Q0'\Q,|
(with |v| < |B.(x)| < €) to obtain the existence of a set F' C R? such that F = Q' in a
neighborhood of R4\ B! and |F| = || — |2/\Q,| = 1. Moreover, F satisfies the estimates
| awivl < [ aw)ivel +Que\e|
Bl Bl

< /B a(y)| Vx| + QalBr(@)[& ™ ha(e,r),
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and
|[FAQY| < Qa |2\Q,,
where Q4 < (supB1 a) (1 + [a]LBl) is fixed, and independent of x and r.
Then, just like in the first case, we deduce

[ a9l < [ a@lVxa |+ ClB @) hae.r) (3.20)
Thus, utilizing (3.19) and (3.18), we can estimate

(supp, () a)'/¢

[awivxel< [ awlvie,|+c 1B 2\

RA\B, () | B (z)
<[, awTxel+C(sup @B @) bae.r),
RA\B, (z) Br(x)
which can be combined with (3.20), in turn, to obtain
/ a(y)|Vxr| < / a(y)|Vxa, | +C (sup )"/ |B, (@)l ha(a, ).
R4 RA\ By, (x) Br(x)
On the other hand,
IFAQY| + | AQ,
(Qa + DI\, | < (Qa + 1)\
(Qa + 1) |By(2)]a hal(z,r) < CE.

We reach the conclusion like in the first case, utilizing the volume constrained quasi-minimality
of €1, the relative isoperimetric inequality on balls, and the fact that the weight has uniformly
bounded oscillation (condition (1.2)).

<
<
<

Case 4: Suppose ha(z,7) = |By(2)\Qy|a/|Br(x)]|a and B.(xz) N B! # (. We employ the
same construction as in the third case, with B! replaced by B2, to conclude the proof of this
lemma. ([l

Lemma 3.5. Given v > 0, there exist 0 < g9 < 1 with max{1,7%}eg < 1, and 0 < ty < 1,
such that for any minimizer Q. of £, and any ball B,(z) CC R4\ Bg,, for which 0 < r < to,
and for Ra as in (1.2), the following holds: If ha(z,7) <eo and 0 < |By(x)|a <1, then

either ’Q7 N BT/Q(x)l =0 or |B(z)\Q]=0.

Remark 3.6. We note that, in particular, for any point € 0*(), and any ball B,.(z) as above,

one has

|52“/ N Br(7)]a
= 7" > .
ha(z,r) By (@)la >e0>0

Proof. Under the hypotheses of this lemma, for any y € Br/g(m) we write dy, = ha(y,27%r).
Choose

0 = (29C,) ' min{e’, 1/2},
with & > 0 given as in Lemma 3.4. If ha(x,7) = |B.(2)|3" |2y N By(2)]a, then

dy = |B,ja(z)]a |9 N By j2o(y)]a < 27Ca halw,r) < min{e’,1/2}
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where we used the estimate (3.11). Since d; < ¢/, by Lemma 3.4 we deduce that

b 0) < e 5) =%

In particular, do < min{e’,1/2}. Hence, by induction it follows that, for all £ > 1, we have
dii1 < di /2.
Hence, for any y € B, j3(z), and by virtue of condition (1.2), for all £ > 1, we have
S 190 Byl o 8,008 190 By - o 190 Bysy ()
261 | Byt (y)la SupBr(y) a  [Byr,(y)l By (y)]
Thus, y is not a point of density of €2,, which yields |2, N B, 5(x)| = 0.

Otherwise, if ha(z,7) = r~%B,.(2)\Q,|a, it can be shown in the same fashion that, for any
k>1and any y € B, 5(7),

_ . d
d = |Bo-r, ()2 1Br(1)\ Qs |a < 27 Ca £ < min{e’,1/2}  and  djyq < =
Therefore,
o1, [ By, (4)\ 25| < | By—k, (4)\ Q2 |a < e .
2 | Bo—,.(y)| | By—re,.(y) |a 2k—1 koo
and so y is not a density point of R?\2,. This shows that | B, j5(x)\2| = 0. O

Proof of Theorem 1.3 (Part 1). We now finish the argument to establish the essential bound-
edness of the minimizer €, in Theorem 1.3 under the hypotheses (A1) and (A2a). Let g
and to > 0 be given as in Lemma 3.5, and let ja € N be such that R, < 27a.

Let {Ry,..., Ry} C (272, +00) be any finite collection for which

8*97 N (BRi+1\§Ri) =+ () and Riy1 — R, > 1, for all 4.

Then we can select balls B, (z%) CC Bpg,.,\Br, with z' € 9*Qy and 1; < to < 1 taken
suffieciently small so that
1 .
3 < |By,(2")]a < 1.

In view of (3.2), and employing Remark 3.6 over each ball, we derive the following bound

N
cq Ca a(z)|Vxa,| = [y \Byala > Z €% N (Bryy, \Br,)la
RNB,jq i=1
N N
>3 19,0 B, (x Z £0 |Bry () a
=1 =1

580 N

thus proving that the maximal number of such radii {R;} must be finite. This shows that
there exists Rmax € (Ra, +00), depending on a, for which 0*Q, N (R?\Bg,,..) = 0. Since €,
is assumed to be essentially closed, then

Q’y C BRou-
This establishes Theorem 1.3 under the hypotheses (A1) and (A2a). O
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3.2. Radial and monotone densities. Now we turn to densities a satisfying the assump-
tions (A1) and (A2b). A key ingredient in the second part of the proof of Theorem 1.3 is the
e — eld=1/d property recently proved by Pratelli and Saracco [41]. We state this result as a
lemma here for the convenience of the reader.

Lemma 3.7 (cf. Theorem A in [41]). For any set of finite perimeter E C R? and for any
ball B such that HY~Y(BNO*E) > 0 there exists € > 0 and Cg > 0 such that for any |e| < &
there is a set F C R satisfying

FAECC B, |F|—|E|=¢,  Pa(F)—Pa(E) < Cgle|®V/d, (3.21)
Moreover the constant Cg can be chosen arbitrarily small up to possibly choosing € smaller.

Now we will finish the proof of Theorem 1.3 following an argument similar to [37, Theorem
5.9] and [32, Lemma 5.1].

Proof of Theorem 1.3 (Part 2). Assume, for a contradiction, that €2, is not bounded. Then
|2,\B,| > 0 for all » > 0. In particular, for 7 > R,

[©2\B;[a > a(Ra)[2,\B;| > 0.
Now let
Q(r) =Q,NBy, Q:=0Q,N0B,, Pa(r):=HI(*U\B,), and Va(r) = |Q,\B;/a.
By the proof of Theorem 4.3 of [37],
Pa((r)) < Pa(2y) for r > R,.

This follows from a nifty argument involving projection onto the sphere B, and for the reader’s
convenience we include the details here. Consider the projection map II: 0*Q,\B, — 0B,.
Clearly, II is strictly 1-Lipschitz and its image Im(II) satisfies

0*Q(r)\0*, C Im(II).

This inclusion would be trivially true for bounded €2,; however, since we assumed that
2, is unbounded it contains the whole cone C' = {Az: A > 1, x € H} where H =
(0*Q(r)\0*Qy) \ Im(II). But since a is increasing for large values of |z|, the cone C, and
hence the set €1, have infinite volume, unless HIY(H) = 0. Thus H = () up to HI -
measure zero.

Since a is eventually increasing, for » > R,, by the co-area formula we get that

= a(|z =g a =1
P = [ e @ a0 a0

a(|xr Ly a(Tl(z d=1¢,,
</MWBT (|x]) dHH( )+/8*QW\63T (I(z)) dH  (z)

d=1(, —
< /a*m a(|z]) dHY  (x) = Pa(£2,).

Also, note that
Pa((r)) = Pa(Qy) = Pa(r) + Ha ' ().
This, combined with Pa(2(r)) < Pa(€2y), implies that

Pa(r) > Ha (). (3.22)
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For » > 1, the standard isoperimetric inequality in the sphere yields that for any sub-
set E, of the sphere 0B, having area at most half of the sphere, we have H? 2(0*E,) >
c(?—[dil(Er))(dﬂ)/ (d-1) for some constant ¢ > 0 where 0*E,. denotes the reduced boundary
of E, inside 0B,. In fact, as €, has finite volume, for r sufficiently large, HH(Q,) <
%Hd_l(@Br). Since the density a is constant on 05,, we get

d—2 1

HE2(0'2) = e(HE(2,) T (a() T (3.23)
Combining (3.22) and (3.23), we obtain

1

(Pa(r)) T HE2(070,) > (HA(0,)) 71 HE2(070) > cHE () (a(r) T

Since a(r) > a(Ra) for 7 > R,, the estimate above becomes

HI2(0°0,) > ¢ (Palr)) " #1 HETL(Q,). (3:24)
Also, observe that
_d d

Hence, by (3.24), we get
d _d_ d
0 ((Pa(r)) dfl) > —c —dTVa(T).

Since both Pa(r), Va(r) — 0 as r — oo, integrating both sides from r to co yields
(Pa(r) 7T = cVa(r). (3.26)

Now, let R € R be such that Q,NBg # (). Then by Lemma 3.7, there exists € and Cq_, > 0
such that for all |¢| < € there exists (). satisfying

Q.AQ, CC Br, Q] — | =6, Pa(Q:) — Pa(®,) < O || V/4, (3.27)
By choosing € smaller, if necessary, by Lemma 3.2 and Remark 3.3, we can take (2. such that
1:AQ,| < Ce. (3.28)

Let 7 > R be such that € := V,(r) < € and define Q.(r) = Q.NB,. Then [Q.(r)] = Q]| =1
and Q¢ (r) is competitor in (1.1). So,

Pa(§2:(1)) = Pa(Q2:) — Pal(r) + Hgil(gﬁ

(3.26),(3.27) _ _
< Pa(y) + Co e T — T +HEN(9,)

< Pa(.() +1 (vms(r)) - vmw)) TG e e i (@)

(3-3) d-1 d—1 d—1
< Pa(Q:(r) + oy [Q(r)AQy |+ Ca e @ —ce @ +Hg ().

Since, as noted in Lemma 3.7, we can choose Cq_ arbitrarily small, and since (3.27) and
(3.28) hold, for ¢ sufficiently small, we have

HI-L(Q,) > Ce T
for some C' > 0. Then, by (3.25), — £ Va(r) > Celd-D/d = C(Va(r))(d_l)/d, ie.,

% ((Va(r))l/d> <—C.
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This contradicts the fact that V,(r) > 0 for all » > R, and we establish Theorem 1.3 under
the hypotheses (A1) and (A2b). O

4. GLOBAL MINIMIZERS IN THE SMALL ¥ REGIME

In this section we will prove Theorem 1.6. The proof of this theorem relies on the regularity
of almost-minimizers of the perimeter functional. As in [1, Definition 2.5], we will call a set
in E ¢ R% an w-minimizer of the Euclidean perimeter functional P in an open set O C R?
with w > 0 if for every ball B,.(z) C O and for every set of finite perimeter F' C R? such that
EAF cC B,(x) we have

P(E) < P(F) + wrd.
This definition also coincides with the definition of almost-minimizers according to [45, Sec-
tion 1.5] with a(r) = wr, although it is weaker than the (w,r)-minimizers as defined in [35].
Nevertheless, by the regularity theory developed in [45], it will be sufficient to justify passage
to a limit as v — 0.

First we show that any minimizer of the energy &, is an w-minimizer of the Euclidean
perimeter functional P in any open set that does not contain the origin.

Lemma 4.1. Let €}, C R be a solution of the problem (1.1). Then 1y is w-minimal for the
Euclidean perimeter functional P in O = R¥N\Bjs for any 6 > 0.

Proof. We first note that the constraint |€2,| = 1 may be replaced by a penalization term
in the energy. Namely, arguing as in Step 1 of the proof of [7, Theorem 2.7] we obtain that
there exists a constant A > 0 such that

min 7 = F(Q,) = £,(Q,)
where

FIE) = &(E) + A||E| — 1]
for any E C R

Fix r > 0 such that B,(z) N Bs = 0 and let F' C R? be any set such that Q,AF CC B,(z).

Since &,(§2,) = .7-"?((27) < fi‘(F), using (3.3) we obtain that
Pa(y) < Pa(F) + w|QyAF]

for some constant w depending only on v and A.

Let m := max{a(y): y € By(z)}. Since a is Lipschitz there exists a constant C' > 0 such
that a(y) > m — Cr for all y € B,(z). Then

(m —Cr)P(y, Br(z)) < Pa(Qy, Br(z)) < Pa(F, By(z)) + w|Q,AF)|
<mP(F, By () + w|Q,AF|.
Hence,
P(Qy, Br(z)) < P(F,Bq(x)) + crd

provided P(Q, B,(x)) < Cr?~!. This establishes that (2, is an w-minimizer of the Euclidean
perimeter in R%\ Bs.

It now remains to prove that P(Q,, B,(x)) < Cr¢~'. Note that Q2 satisfies the £ —e(@~1)/d
property given by (3.21) in Lemma 3.7. Let B! and B? be two disjoint balls, intersecting 9%,
in a set of positive H? -measure. Let C;, Cy > 0 and 0 < £1,e5 < 1 be the corresponding

constants satisfying the conditions in (3.21). Take C' = max{Cy,C5}, € = min{e1,e2}, and
7 = min {(é/wd)l/d, dist(B*, B?)}.
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If r < 7, then € := |B,(z) N Q| < wgr? <&, and B,(x) cannot intersect both B and B2.
Without loss of generality, assume that B,.(x) N B! = (). For this ¢, let ' C R? be the set of
finite perimeter satisfying (3.21). Clearly, we also have

Pa(F) < Pa(Q,) + Ce < Pa() + Cuwgr?.
Now, let G = F\B,(x). Then |G| = |Q| = 1 and G is admissible for (1.1). By minimality
of Q, and Lipschitzianity of V (see (3.3)) we obtain
Pa(2,) < Pal@) +7(V(G) - V()
< Pa(F) — Pa(Qy, By (x)) + dwgRE, 7' + CV\GASM
Pa() + Cwar? — Pa(Qy, B, () + dwgRE,, w1 + Cyrd
< Pal(2y) — Pa(S2y, Br(z)) + crit

with a constant depending only on d, Rpax, and 7, where Rpax is the constant obtained in
the proof of Theorem 1.3. Recalling that a(z) > 6P in R\ Bs we have that

P(Qy, B (z)) < 67F Pa(Qy, By(z)) < Ori~1.
If » > 7, on the other hand, then

0P Paly) 4
177’

P(Q’yaBr($)) <o? Pa(Q%Br(m)) <P Pa(Q“/) X —i
7

Hence, in either case we obtain that P (€2, B.(z)) < Cr¢~!, completing the proof of the
lemma. ]

Since the density a(x) = |z|P is vanishing at zero we cannot conclude that €2, is an w-
minimizer of the perimeter in R%. Nevertheless, combining [45, Sections 1.9 and 1.10] (see
also [4,46]), we obtain the following regularity result for any w-minimizer of perimeter in
open sets.

Lemma 4.2. Let O C R? be an open set.

(i) If E C R? is an w-minimizer of Euclidean perimeter in O then 0*EN O is a C1*
hypersurface for any o € (0,1/2).

(i) If B, € R? is a sequence of uniformly w-minimizers of Euclidean perimeter in O
and if E, — E in LY(O), then OE, — OF in C%* and 0F,, is a C graph over
oF.

We are now ready to present the proof of global minimality of balls in the small v regime.

Proof of Theorem 1.6. We fix 1o = (1/wg)"/¢ with |B,,| = 1, and recall (see e.g. [5,10]) that
By, is the unique minimizer of the local weighted isoperimetric problem e(0). By Theorem 1.1,
for any v > 0, there exists €2, C R, |€2,| = 1, minimizing &£,. We first claim that Q, — B,
in L'(RY). Indeed, clearly e(0) < &(9Q,) < &,(,) for all v > 0, while on the other hand,
limsup &,(Q) < limsup &(By,) = &(By,) = €(0).
v—0 ¥—0
Thus, {2 },>0 give minimizing sequences for e(0). By Theorem 1.1 it follows that for every
sequence vy, — 0 there is a subsequence along which {{2,,} is compact in L'(R%), and

converges to the minimizer By, of e(0). As the minimizer of the limit problem is unique, we
conclude Q. — By, in L*(RY) as claimed.
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Next, by Lemma 4.1 €, is an w-minimizer of the Euclidean perimeter in O = R\ Bs for
any 6 > 0; hence, by Lemma 4.2(ii) 0*Q2, N O is a C1*-graph over the limit set B,,. Note in
particular that Lemma 4.2(ii) assures that for any 6 > 0, there exists v5 > 0 so that

9, 1 (Byy—5\Bs) = 0 (4.1)

for all 0 < v < 5. However, since we cannot conclude quasi-minimality (hence, regularity)
of €1, in the whole space we cannot a priori assume that 9€2, N B; is empty for all § > 0.
Assume for a contradiction that for some § > 0, 9Q, N Bs is non-empty; from (4.1) we may
conclude that ]Qg N Bs| > 0 for all 0 < v < 5, and hence €2, is multiply-connected, and

0
v

simply connected, with smooth boundary, and Qg = Q5 N By, and thus 0°Q, = 8?27 U 8*(22,
a disjoint union. We define m,, = |Q9/\ As |Q,AB,,| = 0 it follows that m, — 0 and

its boundary is disconnected into disjoint components. That is, 2, = QV\Q where S~2,Y is

_ 1/d
I€2,] = 1+ m,. Moreover, let R, = (Hm”) so that [Br,| = 1+ m,. In fact, using

wd
a Fuglede-type argument (cf. [23]), we will prove that m, = 0 for v sufficiently small, and
therefore €, = B, for all small ~.

Since 6?27 is a graph over dB,,, we can think of it as a graph over 0Bp, given by
99, = {Z(1 +¢,(7)): ¥ € 9Bg,}

for some v, € C1*(8Bp, ) such that faBR ¥, dH4! = 0. Now, we can write both O(ZV and
vy

OBg,, over the unit sphere S?-1. Namely,
8627 = {Ryz(1+uy(z)): z € Sd_l} and 0Bp, ={Rx:z€ Sd_l},

where u,(z) = 1y (Ryz). Note that [q; uy dHI™ = R%_d faBR ¥, dHI1 = 0. Computing
Y
the perimeter, we have

’vTu’YP

Pa(@,) = RO /Sd_l (14 (@) (L) 14 (00 et
where V., denotes the gradient with respect to S, Likewise,
Pa(Br,) = RY! /S | a(Rya) dHat,
Putting these two together,
Pu(@) = Pa(Ba) = B [ (1) a(Rya (1 4+ un (@) |1+ Vel 1] dH!
sd-1 (1+uy)

R [0 (R o) -] s

= Rg—lfl + R;HIQ.
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Now we will estimate I; and I5. Let e > 0 be small so that 1+u, > 1/2 and [[u,[|c1(ge-1) <
¢ for v sufficiently small. Using the estimate /1 +¢ > 1+ % - %, we get that

(1 Vou 2 1 Ve, 2
I > RP(1 p+d—1| = Tyl 2 7%y
> [ R S S - S

d?{d_l

1
> (2 - 05) RP(1 4wy )P T2 |V oy [ A
sd—1

> c/ V|2 dHE
Sd—1

for € sufficiently small.
Since de,l Uy dH*1 =0 and (1+1)9 > 1+ qt, we have

I = / RE((1+uy)Pt "t —1)dn! > 0.
Sd—1
These two estimates imply that

Pa(Qy) = Pa(Br,) > Clluy |7 a1y (4.2)

for some constant C' > 0 independent of ~.
As for the nonlocal term, [20, Lemma 5.3] (see also [25, Remark 3.2]) implies that

V(B,) = V() < Clus i1 sy
Furthermore,
V(Br\) = V(Q,) < V(Br,) = V(Q,) + Cmy < C(|luyll3 gary +m5). (4.3)
To see the first estimate above, let R > 0 be large enough such that Q,, B C By for all
v > 0. For Z(E, F) = [, [ |z —y|~® dz dy, we have
V(Br, \2) = V() = V(Br,) = V(Q,) +22(25,Q,) — 2Z(Q9, Bg,).

Since

~ 1
(00, Q) —Z(Q°, Br g/ / —— dady
(25, 2) = 2%, Br.) Q9J0, ABR, |z —yl®

< ]Qg| sup/~

—dzdy < Cm,,
xEBﬁ Q’YABR'Y |x - y|

the first estimate in (4.3) follows.
Again, using minimality of Q,, i.e. £,(Q,) < &,(Bg,\Q9), and the lower and upper bounds
(4.2) and (4.3) we get that

Cllus |21 gy < Palds) = Pa(Br,) = Pa(Qy) — Pa(Br, \2))
<

v (V(BRW\QS) - V(Qv)) <Oy (HUVH%{l(gd—l) + m'y)-
Thus, for v sufficiently small,
Hu’yH?’ﬁ(Sd—l) < Cymy. (4.4)
This, in turn, implies that
EV(BRW\QQ,) = &(Qy) < Cym,. (4.5)
The last step in the argument is a lower bound on the above difference. In fact, we will
show that replacing the domain €2, = QV\QQ by the sphere B, results in a much larger
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energy difference, due to the reduction of the radius R, to 7. We observe this right away, in
estimating the difference in perimeter, Pa(Bg,) + Pa(Qg) — Pa(Byy). Let py = (my/wg)'/?

and note that
o\ 1/d
RVZ(TngPz)I/d:To(l-F(Zy) > ~

Now, for m, (hence, for p,/wy) small, we have
Pa(BR,) + Pa(X)) = Pa(Br,) = Pa(Br,) + Pa(B,,) — Pa(Br,)

_ d—1 d—1+ d—1+p
= dwd(RV tP + Py P —ry )

41 (d=14p)/d d—1+p
To To

_ -1
= dwqr}) ! (1 + pid > pz + O(pg_lﬂ’)

. d—1+p
= dwgqry

= C'my + o(my).

Combining this estimate with (4.3) and (4.4), and recalling that the ball maximizes the Riesz
potential, for sufficiently small v, we get

E(Br,\Q,) = E4(Bry) = Pa(Br,) + Pa(€)) = Pa(By,) +7(V(Br,\25) — V(By,))
> (C —vC)my = Cmy.
Now (4.5) and (4.6) imply that
Cmy + E(Bry) < E(Br,\) < &/(Qy) + Cymy < E(By,) + Cyms,.

(4.6)

Hence, for v sufficiently small, Cm., < 0, i.e., m, = 0. This implies that Q?Y = () for ~ small
and that 9, is a graph over 0B5,,.
Therefore, running through the Fuglede-type argument one more time, we get

CH“WH?{I(gd—l) < Pa(€y) = Pa(Bry) < 7(V(Bry) = V(2,)) < Cy ”Uv”?ql(gd—l)-
Hence, for v sufficiently small u, =0, i.e., Qy = By,. O
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